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Abstract
III th e thesis, the vnrious theo ries of illhtlllllp;" IU'III'" " \l I )o·t\·"I1. I I 1l" l i vi l ~· I "' SI ~ I
on Gor'kov's cqua tiolls(CbnptlT 2 ) nrc Tl,\-jl"",,1 il1t'h\llill~ .1.· G'111J,"'·\\".'rl !la llwr
theory and Eilcnh ' Tg"f ("(Inatio lis as ",...IIm. th,; r lll'l'lirllliuus I" " l u.I~· tl lO' I'TlJ\
im itr clfcd of 1\ b iln}'('f ".l""lem. !l.k~I i ij.m·" h UlIu·l1ill':; 111' '' \'-\ ill al",. inl r..<\w, , 1.
The c..18.r;lclmstic:s of the thid,;nM<s dr!.lrud.1H." n e IIII' lrll llsitinn " 'u il " ".alu n ' 'C
in the thin film limit Irom till' aboce tl..·nri.... nrr- . ~ i "rll........l 1l1101 wit . III' ""1111'"11,1
with the resu lts from mtr cnlntl:1t inll.
The Sll!)(T(,oll lhlr t i,-ity or n1i1l1'N'l"h.t1in · ""!lsi", i ll':;nf nll " f na l ill,!!; :<'11"'''''' '11 1"...
ing andn orrunll ayc rs llIl" 1)('('11i ll\'rs l i~nt{,cl( Clmph '!' 311»' 1111'1111.. ,, ( Ill<" 1J,,~..1i1l1o,, \·
cquorion. A rclnrlon, which 1!l"t!'n nilit'S lI lt' h'H Il~il,i oll l<'III I'l'ra l tl n' ·r;., i ~ ,,1,tnilL''']
from the sclf-cousl steney 1'llu nliHII of ti ll' o nh-r I'lIr lllllt'l" r. T Ill' llualy1i"!,1 " XI' Io~
sio n o[ t he dependence u f till' tl"llls iti ull tf 'l llJIt'..ut urr- 1;. rru lIw I.hid\ll '~1< "r II .~ II
poreondue ting lnyr-r ill th o thin film limit lma lH"'1I u !t1.nilU'<\ t1m'l1~h 1111 nll ll ' ~" ~ i ~ " r
the equa t ion and the ron tpnrison with tln- rl',~IIIl ~ fl"olJllIII' Ill_h,']'Illl'nri ,'s ,!is"lIs",'d
in Clmptcr 2 1lfts been dono . A pI' ri'l(!ir " ILl ' l"~"1I 1 011 lt '1L1 , ' 1Il 1 n.lufiou n ' l h 'd,ill~ ti l.'
pc rlodlcity o( the stnu-ttu-e Ims 111'('11IIhlniw ,tl which j,jil",,, r is,' In Ill!" ba~i " ['''I' lilly
fur ther culculut ion Ior the' p r<',;('llt't' o( all e-xh-r un] 1 1I n~I l<'I it' lid ,' 01"1I HlIit,' tlnkl
pnramctcr.
I II Chapter 4 , we UPl ll i l1.I t il t, \". 'rllmUlI'r lIl1'ol")' 1u n ' j'lllsi-]H'ri''1li,' ~t'o ll lt'lry
with a frectionnl tli ll1l'IISiull V. \Ve bn il,1 ti l" l",,' nnl'U,1' wl nli o ll uf 1,1.: ' ," 'Ili<-i"1,1,,,
in the linear fr;t ctiolllll l ' ~ ' '"-nna titmin h 'rlll"t lfUII' Sl'I(-silll ih,ril" " f tI" , ~l'f l1 l ll"lr)'.
wh ich provides n 1» ·sl('I0•.•••• 11It:tIUKI tn dcn! wilh tI ... " ,ml ,lin ,I,..11H>llllllill)· ''''lill i·
tion.~. T he dependeuee o f the truu",il iflll tP llllHTlIh lff' "111...111 lI,,' t loio-kll' '''''''"r II ...
1i\ll'c rCOndlldillg I ll~'l'1" 11 11<1 frncti nlllll dilll('II"j"ll V 1110'" I.." " " lolain...l lo)' tI,.. ",,"nlill!!;
argu ment in SOIlj(~ limiting rus<':lI . T Il<'Rrll iup;llrp;llln" 111 i",a l"" , '" ","w l,..l l" 1I... "/l!oO'
of the p r('S('IlCC o f n pcrpr-ndienlar IllltP;lu-t i(' lkld . 1111' JLIlllwrinll ,"alt-lll;,l j" u fur
traus itiou tcmpcrnturc III> a flllld iun ,,[ ti ll" lhit"l ll.~ i","' '' III,],'tl..! ;" ,,1"']"0\\"11ill III"
correspondi ng fi~l lfl'l' . \Ve IIIso rnlrnlllh ' "('ri llin vlIhll""" f T.. n,rn",p"lJOliul!;I" I I...
givenperr uue tcrs , sw:h Ol'i , lim"lIs iulI V , t llkk",_ ,I. lO Ut! ,"" I...n ·II("" 1" 'Jtl ll {1I(lIl.
used in the CXpcr illk'1lt IUl.1 C1ll1llll1ll' till ' t ll,,,,rt'l il'lll n."ulb, freuu 1111" l'llku l:' l i"lI
with the expcrimcmnl ,'nl twN, T ht: result ti C 11r" " ,m ll' "ri ';' ll l i" :;;nt i " f ;w l " l")" llu ll llw
d iscrqllllll"ics rlOIIgillg freuu 2'X.......10%, rOIl",i",ft11'- wi l li lil " \V"I IIII,u!"r 111' '' '1")',
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Chapter 1
Introduction
ill Sl1P" IT'Hllh ll'lill~ hys l"IIIS. )' Iost of tln- "M])' litndi ,'s of tI... proximit.y cffect were
n,rw"rlll',1 witt, 'Ill" IrH ll si ti"1 1 I " l l l] )( 'I'IlI I 11"t' (o r SlIP"IT ()lJ<!llct ing bilnyor st ruct ure
aw l \\"'1-" Ims" d 0 11 t l... Gill~,ll< 'l'~.Lmldml(GL ) till , ,!')' of inhomogenoons S lI Jl " I"CO n -
dll" 1idl. .I'or <>1 1 Ilw IiIH'a riz"d G or ' l;m ' " lJlla ti o ll s{ ' I, 111 pnrt.ir-ular <it' G,'IlIll'S[ '1 I
I :, I d" r i\', ·<!;, u ,'xl' l"pssi"n for t Ill' k" l"u('1 ill t\1I' lim-uriz r-d G ll l" !i:OY l"t,1H11i o li hase,!
" II rlu- solutiuu nf 1111',]iI1'usi' lll equution tllK,·t lw r with t ill' Illlp HI!lrilitc bouudru-y
1II11 l " h lllilH·d II lTsu l1 "'l llivlIl"m to t hat of O Il('-Fn '(I'U'Il"Y llJlp rOl\r l! fouud in de
Au "xl" lIs j" U "f , Ill' 1l1'1'lkal,ioll o f IIII' II., Gl'IlIlt's -\\",rthaull'1' tlwu rr to ti ll'
mon' "" mpli"lIlt'll ,I!;,'olLlPtry i ~ ~t raip;htfo r \\'al'(l pl'll\'irh, d tI l" hOll lHla ry coudltious
l aY"r~ of ~1l 1 "'IT"IHhwlill,C; nnd uonnnl nu-ml (5:\ 5 . , . SXS) or m or e SV' lwnllly ~)'5"
h' m" \'ollll'r i"ill,l!;Ill" 'rll1lt ill,l!; layl 'rs of sIIP"l'l'o/H!lwl illp; ruun-riuls with di ff"l"l"'u l 11111"
ll'rial dHlriu'lc 'risti."s (55'S, .. 55'5) nnrl tueny h-ngth seulcs . :\!Ild l of tIll' interes t
only two lcngt. hscull'S, Experimental st udies onsuch " lljH'd aUi l'l's lla\'" \'Olll'l'1'Il.·d
lnrg cly the dcpcudc ucc "f till' !'~l P('lTUll" l1d i ll~ truusitiuu fc·lll ]l" l'll tllrt· <Ill th, ' n· ll1-
t ive thickness of the IIl)"'!'s nnd tl u- modulatiou k\l~th of tlu- !'Ill' .' rl a ttin' ,l r, I I'; I
( 1 J f 8 lun d the cffct.t s u fa pplied nmgneric til'1ll, l q I [ 10 I [ I I I [ I ~ I ( I:l I Snch s tud-
ies rcvonl n ric h variety of phcuorucun nss.)('illh ·,1 with ti l<' routph-x iute'l'tWtiOll .. I'
com pe ting mechanisms 1\1111, ill t.hc r-nsr-of HIl' r-ri t k n\ lil'lti ull':I!'lln· Ul<'lIls . ti ll' ofh' l1
s ub t le interplay between the lIl11gnl't,k h'u glh sl'al., :lwl l lll' illholl1"P;" IU'itr ill llu-
superconducting cohe rence leng th ussoot'in\.l'd wi th th l' supl'rla Ui,' " sl.nw tlll'C,[ 11 I,
Since the d e Geuues·\\'ertilBIllCl' t lieur>' is rnno-rned wit h !.IU' ('nh'n lati oll of 1.111' k.-r-
ncl in the lint 'lll'ii\cd G 01"km' cquntious , it, is npplit'abl,' onl y dos<' to HIl' tnl1l sil ioll
tc mporatnr .., whr-rr-the !' npt~fcnJl( lu ..tillg onh'r !IlII'a lllC'l.<'1'"n uisl",s,
If one wisllI's to explore the SIlP"1'l'o llcind inp; pr op t' I,ti,'S of sl wh s~'SI \ 'I IIS IIII'IlY
from the transit.ion tcrupcrnturc nne 1\'0nl,I b.' iuvolved ill til<'"Ollll'liC'll l.illll of llu-
Gor'kov r-quut.io ns duo to th t· non-lmonr fr-nlurr-. A uuu-h sill1l'lifk .l v,'rs ioll o r t.1 ,..
Cor 'kov r-quntinna the Eill'u!lerj!;" I' (" jlllltiullS[ I~'I I 1(; Ip rt>\' i'l ''l< tln - bilsis of s t,udy
ing su ch propcrtlr-s of th: s~ S t,f'IlL, \Vc will olltlitll' till' hl,s is o f 1,11t' Eill' ul.('I'/!;' ·r
formallsm. C lose to the t rans i t lon t.<'lUjlt·l'i1tlll"', it r-un 1)(' ,~IIOWll thut 1.1l<' Eil"II'
ber ger equations roduc o to the de G I'IlIWS-\V"r l.lmull' l' (''1llal.iol ls ill t.11C ~ " l'propl'i:II.('
limit s an d recent qunntluuive t:aklliatioh 'l of the 111'1'('1'<Titi,'ulli"ld ha v,· 1"" '111'1'0 '
s,' uled h ilsl'll 011 t.1 11 ~ Eilcnlx-rger t1lt'l)t'~,1 Ir, I I 1<; I I 17 I, IJ"w"¥<'I" ill P;" lwl'nl, u...
cnlc ulnt lon s 1I!'Cf'xtI'CllldJ' difficnlt 1.0 IHlIl, IlI', Heno-, lIh"I'lwtiw ' lIPI'IHJ(illlUI,i"u
Another apprunch is IlHs"l!on till' Do~()li lllIOV . ,tjl,;otioll s, wlunh with I' »uif.uldy
simple nSSlllllptiol\ of t he fonn o f tllt~ pa ir ]lotl'lIt.ial O'Ull I,, ~ 1'"1\,,,,1111 1' \ vur io"s 1'1''' ]1'
ert ios of tlw system t hen-by ohtl l jllC'til lit l t !« l 1 '111 I I'l l I, Tlu ~ rdll!.ioll l",lwl"'ll
t he transition tomporntnre mnl t ill' r, ',h1t'I~( 1 thil :bwss is 1'lI!'ily " I,l.lIiw ..l, Ill 'W"\-" 1
uny Iur ther '~alr:lllnlioll iuvolviIih 1\ fini te slll){,I'Coochlcting order pa rameter n or the
JlI'f:S' ~1I<" ~ of tho eriticul rnll li;lJ '~tic field will : )'~ involved ill th e complication of the
]l,'ri ,,(li(' sll"lldlm! of t he ,'Il{'rg)'-lIlolileutlllllspeclrn m, An ot her p henomenological
IlPl'nmdl i:; Uw umnelling modol of McM illnlll 18 I, whe re a potcminl barrier is f1S-
sumr-d 10 r'xis!. Il l ll l(' illl('l"fll,~e; tunnelling through the burri er then is treated by the
tn'll"f, '1'1!;'lIliltouihll lildbod l :n l I n I, , Vhi]c slIr:h theorie-sluwo been extremely
"l1 " ,·(, ,~ ,.:r1l 1 ill ]ll'ovirliug II qunutitative descript ion of mnuy of the ohsl'[\-c(}p hcuom -
"W' thr-rr- Ill"<' ill tlu ' li t('ru t,llJ1' II 1l111l1]wr of dntu wh ich arc not r-onsjstr-nt. with th e
pr...d id ious of 1,1ll' W"rt lHllller theory oftlll~ proxitnity effect l r.I { to I I 81, Thill.suc h
tJ"." .-i" s fld] ill I ~H' ,'111"(' of thin lap :'I'>I and for elcnn systems is not sur prisin g giveu
lilt, Ilp proxi" llll ilJllfi iu\"oh-('r l ill tlu- tlr-rfvut ion of thr- Wcrthnmcr formula ' 2·J1 [ 1G 1
I ~, : I.
() l l r"1"p;'~ ll l r "' l" i l':i which h aYf' bor-n studied include on" dimcnsionnl quns ipcri-
,,,l it' I"tnw tnn ",,1 n I 'Illtl sr'lffii ll lila r or fra ctnl geouw1.ricfi[ 2~ I. T he interest. ill such
rl<1\',.( ,g;'~ l]lll' tril'fi fil<'IIlS ill \1l' (,1. from the hope that des pil e the 1'1'1111h'dy complex
uutnrc- " f tIl<'p;'~l]rrdri ,'s ill quosf.iun, it is ucvcrt.lu-lcsspossihlc 10 understand ni nny
quulit.utivr- ;'filJCl'l s of t.lu-ir lu-hnviour in terms of fairly gr-ncml nrgumcnts. In the
"i,H" of ti lt' s,, \f similar p;'~l\ndl'r Ule [[\ct . t hat the s t ruct u re 1'('])('a I 5 il self OW'\' runn y
I('up;th fil'ak fi s' I~W'fils thnt OIl(' sltouh l lw ublo to descrihe cert a in asp ects of their
I~ 'hil\'ioll l' iu I"I"IIIS of cortnin sl'alinp; nrguux-ut s . T his has illdCl'd pr oved to he
lIlt' ,'11" ill t\ nmulx-r Df ITI','u l fitlulil' l< 011III" dos"lr rd ll te,! problems involving
fiU]ll'ITOlllhll'l ill.c;illJ<I IIOrJlml fradalll "tworks[ 19 11'10 I,
In t ltifi , l ll'si,;, WI' rnh-ulnt e d" IIl~ll(1<'ll n' of lhe tra nsition temperature T~ 011
rlu- t lli"kll"Hfiof tln- slIp ,'n '()w!uding hlyl'l" fur both th e periodic nnd qu ns iperiodic
,L::'~'llll'lri,'s o f supr-rlnt.tiro The outline - of tho thesis is as follows: In Cuaptcr 2,
\\',' rr-vic-w hridly Iltl' Hillin utj crnscopic thcories sta rti ng Ironi th o effective DeS
Hamiltonian an d di OKlIS! the ell' Gl'nnes' '''''Tlllllllwr Ilwury. l ilt' Eilt'uh l'l',l:;" r ' ''Illa -
tions and the M cllillNllllod ..1. \ V.. dHlIi~' tilt' I\nlnt i.' lul ill th i" d ml'h 'T frullI I iuu-
to ti me ill order 10 follcw ti ll' lIot/llion.. ill t I"IS('" l'ip llal pall"·Pl r it, ..1ill , Ill' d l11 l', ..-r
so th at one enn ellsily Ct>IllP"f'(' till' l'l'S1\It.. ill ti lt' th l",i,. wirh Ih,,,,,,· in tlu- l' n l' l-nt. 111
cha pt e r 3, we Ilppl)· th.. DnJ;uliuhcl\'1'l(lliltillu to 1I11t'Ti... lir p;l" '"wlry wilh II "illl l,I,·
assumpt ion of the fonn of th e pnir po t r- nt inl, llIulllwlI r ll!rulnh·tlw pnir- 1",It'u t i:,1
self-consiste ntly whieh nllnw.. II " to ob tain t hr- n'! ati llwlhil' IM·h\ .... '1. U... h ""II"it i"lI
temperature nnd th e thick ucsa of t il t ' ,.iup;l.. h'J I'f . 'mllt..l,l,..\ ill U1l' "" IIt' rll1lti<',' ,
An energy-momentum spec tru m bas bce u ..luniuod wit h ti lt' npl'l it'lltinu of Bl"t'l . '"
theo rem, \Ve compare nut! coutmst the r.·"\llb. nht nitu..\ t,hrclll,l:;h I,bis I,·t' lllli'l ll"
with tho se obtained by the nthl'l" Hppmxiumtioll l<t"1J1'llIl '" ill \'ar iOllH lilllil.ill,l:; «hun-
tiona. In Chap ter 4, We' cnlculatc the trnll"it illlL tl'IJL!Il'I"u l lln' "r 1,111' 'IIU",il"' ri",l i,'
geome try with frnct illl\ul d illu'w,i"1\ 1,)' t.lU! ,I:;'·\I.'fnl i~,·.1 \\'c'rl!u lL! lI'f 1 , I L ' ~ 'I")' l m'l" ""~\
b)' Tnkalmshi und Tuchikil ~I I. A compurisou of rlu- 1I1,,,,rl'l i,'n l l' l"I..l i"' i ,," ~ wil lI
the measured \"llhlt'l\l n I is 1'l'f'S.'lLt....1 uud t lu' r.,I:;T< 't'II11 'l.t "hnwlLIn I" , fill ih ' S:1 1i~ -
fnctof)·. In rwo limitiug CllSl-'lI th nt t ilt, l{,lJ~h S('lI\I' IIf Ih ,' wll..\I' rr:...Lu] " t roU'l .. ...'
L » ~ nnd L «! witb! bcing the ('(lhf'l'f'lI r"I':II~t" , tJlf'n ulll)'t ir:11t"f"'llllJ< ..r tlll'
scaling law whieh rctI.ccb the thickll~ tlf:lloMcdM.n · "r till' Ir llll,.jt i" l1 lA'IIII" 'r lltnro'
are obtained. In CIlJlptcr 5, we sum maria... tlll' n 'Sul t!.; fir t ill' wnr k I'n.,...'lLh·d Ilud
offer some con clusions mill t1 i""I1~~olJ n Jllr lTUiup; tlu-ru.
Chapter 2
The Inhomogen eous Mic roscopic
Th eory of Sup erconductivity
III t.his {'halltf'!', W( ~ introduce the effective De S Hami lton ian that ari ses as a
n·~ i ll lt. of t ill' df~droll-phoIlOli iul.ernet ion[ J2 J together wit h the Gorko v'a equation s
foJ' r. 1]l ~ Gr,,,·lJ's fuud-ious.! 1 I In order to a pply Go r'kov equ at ions to the inh omogc-
11<'<lIl" lllljlf'l'C'o m !' lcl.OI", some fur ther theor-ies with upproprjn to npproximnt.iona have
t,u I" , iut.r<>< h\(·cd . Neill' the tra nsit ion temperature T~, one cnn linear ize the Gor 'kov
'·' Jlllll.io lLSilll'C UIl' on kl' pnnuuoter- is infinltosimully sm all. For II bila ye r system
('OIupus('d of t he n]I.,'rllntilig SIIPf'l'coud llding nnd normnl motnlIaycr s, de Gen ncs
nss lllll'''' \ thut Il l/' kl'l'Ill'1 ill ti ll' linenrlar- d Cor'kov cqua t.ion satis fies tlw di ffusio n
r-qnntion alld iurroducod the luuur dury condi ti on s HI. free sur face and inte rfaces so
rhut t.lll' tra ll~it.i (lll truupr-ratum run he complet ely solve d ill various limi ti ng cas es .
\\" ·I"lllHlLl" I" dl'f i\"l'd t hl' smut- res ult us t hat found ill de Gennos' theory in more
s tn ,ip;lLtf" I'Wnn l wny rutln-r t,11H1Jd"lll wit h the d iffusion equa tion. Awny from the
lnllisi ti "ll 1'·II I IK ·l"II 1.lll "' ~ ' a cnk-ulut lou sche-me suitable for a finite ord er pammot or
is 1lI ~ ..b-d. Eiknlll'rp;"!' simplified the Gor'kov equatio n th rough red ucing the un -
ImowlI Gre"'II' ,; fuuct.ions from four to two nnel the theory hns been widely used to
Sillily tln- df,'d, of till' Pl"l'SCIU'e of n ex te rna l magnetic field. Anot her npproneh is
tl n- t'\lIll ll'llinp; nro.h-l Humlltouln n p roposed by l\I cl\'!illHIlwhich intrcducos it tr ans-
f,'r Hniniltouiau nnd t n' nts ttu- iutc rfncc as all energy barrier. T he various theorie s
1ll<'lltioll,..1 ahoY<' will b,' disl 'ns."l..l brh'Hy below.
~2· 1 Coe 'kov Equation
!i2-1-1 'r ile El ccu-on-P honou I nternction Hnmiltoulan
III 11", s,',.,JIld Illla util.ul ioll rep rese n tation , the model Hnmiltouinn of the dec-
tron-phou o nsys tem may be written ns[ aa J
H=Ho +1I •.
wl....... Ho is the Hamiltonian for Ieee d("('tnl\l~ llIu l fm ' phClnulL~ .
H. =L l'''''f11~f + Lffc{, rt" .
f t ,..
a nd HI is the in ternct io n Hami lt oni an of til,· dl'drllllM mnl till' !,!II1Il,.n,.
HI = 2: (Df«;Ct .,a cr, ,,. + D~,, 1-rL(, ,,cr,..)· {2·1·:1l
r.f,"
The indices ij and k denote tho W1l\'C vec tors of tiL(' phOIl Ollllmil l Hit, 1,1,·,·tl'oIlH
respectiv ely, tt "., f,; - I ' is the {'lwrgy of n lIillp;lc' eln-tron ill tIl" 1Ilah' r n,l llti\'"
to the chemical pote nt ia l I', Il l.<Jif denotes t111' t'lLl'C,lO' " f II pl llmnll ill ti l" Hln l<' 'i: rr
is the spi n index of fill electron ; D.,(Di'} i>lth(' d c,<,tr uu- ph" l1<111rUlip lillR '·" Illltnlll..
wh ich depends 011the i llU'rllCt inn plltcn ti al, unrl "~ (II;> nlLcI4... (ri... ) IIr,· till'
creation (annihilation) ope re-ora of the pllUlIUlI>l:lnclc·\.-rlrtlllll. whieh s:.l isf) ' li,t·
elgebm
(lI~ n .. J =lI~i' - 1Ii' 1I} = bf f • (2-1-<1 1
{cl.. ,CI-...J= et.c;...... + '-"'...ct.. =!lrf . b.... . (:! ·I ·!',)
respoe rivoly,
St arring fro m the Hmniltlluiun (2-1-1 ), F!{lhli d l[ ]lll1l' ri\...~\ tI Jl' l'lr,~·t i\·.' l lll lll i\ ·
tonian by mean s nf the cnnonica l t n llLsffl l' lll ll1ill li
f2· \· f))
wher e the operator S is chcen such th at the tr l1IISfllnl l"' \ llnmiltoniun JI.• IIHs 111,-
slime eigenvalue speerrmu FIll t h at uf II .
H. _ 11+ [H,S] + ~1I11, S] ,SI + "
~ II. + (II , + [H., SJ)+ ~ [(II , + III" S]) , SI (2-1-7)
+~ [lI" SI + ~ [II' + [H"SI, S J +...
\VI' ('11 11 elhulnnto tho iutcr uction to JOWl'st order if we choose S to sntisfy the
" ' j l l flt i ull
HI + [JIu,S] =0, (2-1-8)
~" tlml there is no first orde r electron-phonon interac tion and we ob t ain the fol-
H~ :: HI)+ i IHI,SI+~ [Hl t lHi , S },Sj + ·
« u; + ~ [HI, SJ .
lf t,]ll' nlM'r Ht " r S iH lIHHll111f'c1 t.o he of till: form
5"" L ( A1-( l q..4 +,r,,,cr.<t + D.r,t4~ q.,/r..,. ),
I.i;.f7
1111 '1' I1sillj!;oqnutio n (2.1.8 ) , we can determine the coeffi cients Aqand nif
{
.4,1'" D,n "r +11Wif - fk+ij)- I ,
n ,; = D~(fr - !lwq - f ' _ii ) - I ,
(2-1-D)
(2-1-10)
(2-1- 12)S = L (D , a,jl J+f,./'k',., t D !. nt4_<7",cr,(I' ) .
r,y.", 'r fIH + fl...·v q fE r f f _if hWq~
To ohtulu t In- d fc·!"t,jw Hnuriltonian whirl! d e scribes t he sca ttering p ro cess of t he
(·J,·(·tn llIH th nm)l;h{'X{'llallp;,,' (If our- phollon, we CUll t ok e the c xpcct nt.iou vn luc of
ti Ll' tenu 1/ .. with t'c";J!' 'fI, to thopho non vacuum sta t e 10>, w hich is defined ns
(IoriO >:: 0, (2-1- 13)
to gi ve
11~ 1I =< olH.lo>
=~ L L:{<0IHd"f >< " .-ISIO > - < 01511/oj' >< "il llllOc-}
- n~ , (2- 1-1 -1)
=~ 2:{< OIH , Il( > < 1~510 > - < 01511( > < 1 ,~lIdn »} .
-.
where we have used the ecmpletcuess of II... p hllllou rj~"I~tll tl'S
L tn .. >< Il ii l =1 ,
·fo'
an d the pro pe rty of th e opcnuoe S
c 1/<115\0>= 0 (or II,;" '# 107 '
Su bs titut ing (2-1012) und(2-1-3) iu t o (2-1-14 ) Illlfl r fl l llJllr,tiuJ!:l li., 1I 1 J!:dm.~· n,kll '
lat ion, we obtain t he clfret ive inter nction H:u uiltClllia ll
which descri bes th e in~nction !lctwct'U two l'k...lrnll~ Ihrcl1lJ!:h t ill" Hur·phll llllll-
exc hange proecss T hc othc r terms dNrri hin ,:; 1II11Ilip lllln'.1 I' run .....>;f'l" ":1111", IIm it-
ted dill' to the Mig d nl'. thcorem.l 3 3 I
§2- 1-2 T he Elfec tive nes Hnm il toninn
TIle effe ctive c lcc tmn- p henou ink rllr-tjo u IIllly h .: wtilt " 11I'N
wh ere
~ 2- 1- 1 8)
WIWll l)uth o f theek-ctrons sen uc rod b)' exchanging a p honon ar e very close to the
n~rllli S\l r ra,~ (: dden n iw!<! lIy ChClllicll-l pote n ti al/I, t he differ en ce of th e energjcs
sl, t is fips til!' rOIHlit iou h - fk+t"1< hwij~ hW/J (w,,, is the Dcbyc frequency ) so
l.llllt t Il(' ....lIJllill J!; const unt 1.-"1:,9" < 0 , whlehyield s 'illattructive interac tion. If t he
I l illi ' n'J1 "I ~ of t .he,'llPr p;il'Sis 11ll'W'r than I,....' f), the coup li ng constant Vt .ofi ~ positive
su tl llll Il,,,! is II I"f!Jlulsi\'(! lutcr nc t.ion wh ic h decreases rapidly wit h inercoeing
111 tIl" Mljlf'I'l'OIlf lu cl.illP:; stl ltl', only the electrons oCl'up~-ilJg the s tull'S with
" IWI',!! ;.\' ill 1.1.. • l"HllK" o f I' ± " w/J rrm h/~ seal ,t/'rell to the new stntes tlll1lu gh th e
phOllllIH'xd wllJ!;/' procl'S,', Those o('cupying st ates far below thl' Fo rmi su r face
euu Ill' h'1'ilh 'd na fl"' " d''f ll' u lIS which prohibi t otlm-e lectrons from occtlJl)'ill~ t he
sam" stnh 's by Hw Pnuli exc-lusion prin ciple, Thus, in the application of(2 . 1-HI)
In Sll pl']"('' lldlld il'i t,y. Cuupr 'r{:11I took the nppmpri n te assumption t h nt for the
,'J,'", mlls ill t.IL,· statt·s fr < " ...../J t,lm cO\l]llillp; imlucc d h)' p h onon» is a con s tant
F > ()nud [,,1' UlUSf' ill tho st.atcs f ( > h uJj) t h e coup " n g vnms h cs. So t h c effect ive
Iia in ilioniull 1 ) ' ~" Jl ll " S , ill the DCS nppnedmn t.ion,
(2-1-20)
TIll' approximut.iou nbt n ill\'rl here is valid oul)' for a "wonk c01\plin g" supcr-
"llluhll'l llr, ",i llt", tho fonu o[ t he He!! implies two nssu mpdo ns:
(illll asslI ll\ill!!;11,'olll'li llg roustaut whlchis illd.,pP JHI"UIof thc eucrgy vnna b les
fr HI,,1 h'~·ij. \\',' lilli '" IWIl:Ir~'h '<1 tIl(' effect of rctnrdntion ,
(iil All 1,111' 1'I'OI" 'SS''S of ahs llll,t.iolL nud e m ission of pho n ons 1Jr c r ('nling m HI
i lllll ihi ll\ li ll ,~ a pair of C\lliiSi-1l1Ulidl' s 11I1\'(' b(,(,,11llcgb,ted so th at the qu usi-particlcs
lln ' ll"l'll!f'11a s t il''''' ' withinfinitrIifct.imo.
'1'.. "lllls id ..r botli of III(' : llHll('IH'I'S llLl'ntiD)J{'(I, above, n strong ccu p llng the-orr
slll.u l,llll' 1111i11 11Ud WI' willdiSf'l\sSit, ill the la st sed io n of th is chnptcr hrid ly.
In appl ying the theory to , h(' illholllognll 'U1\1lcn>ll" it ill rtl1\'I' lIil'lll ln I rn ll~r,'rlll
the H ell into th e roo r d illnlc rcpresent ntion h~' 11I" fm.~ u r III., I n\ll~r' '''Il\llti''Il,
(:!-I-'2I)
which may be invert ed t o yield
(2-1-22 )
whe re we ha ve chosen t lw volume as uni t.y, T Ill' llpl'rllio r tl J'~ ( ,n /lull J.!(.rj 1'1Il1 I..·
shown to sa tisfy the nnti.cmlllll1lthl ing nlgo'hrn
T he effect ive Hemilto uinn in the DeS Ill'prnximl1til lll llLll)' I", writt e-u ill 1' '1"111''
or the operators ~ an d Jot 111'1
H'II_ V - - ~VLJ"l(x)"l(X)>i, (i) >i. (i) .t'J
...
=- VJ.ptC%) ~t ( ;) ~ l (r) ~I' :;) f".r , (2-' ·:N )
exclusio n p rinciple, w h ich prohihih. t wo cl''C IIllIl ~ In uu "I lIyillp; a t 111" "HilII' 1<1:,11.,
Lc.
For the Hnmiltoni un (2. 1. 2) of th e rl'{'l! pllOlIUU!'l J' ll'l "h:d.fIlll !'l, WI' llmit t ill'
the free phonon tenn since in sllIWrCo lllhu:t ivit.y, till: physir-a l IJrup"rtil'S nr II SIl·
10
t1Jl ~ IihOIH' IIH" Illy in u rol(~ which Induces a ncw attractive Intcmction H , jj , The
fr"l ' pnrt of ll H~ Humiltouiun, Hu w ay then iJf ~ writ ten lIS
(2-1-25)
wilh
_1i2 \J 1
f{iV ) =~-II.
CUlIIhillinp; VI, (2 -1 -2'1) 1111d (2-1-25), we fiurdly obtain the DeS Hamiltonian i:
k=ko+f' , (2- 1-20)
wli if,ll is 11I'll'll defined theo ry including th .. phonon-induced ntt rnct! ..c internc tien
pllnll llf''''!"S ill Slll11'ITOIHllCt.ivily and expla in tile cxpcrlmcnt nl ph-noruenn.
!j2 · 1-3 Gce'kov E q uati o n
TIH' tl ll ~ 'Q' ul .l nilwd i ll );,.~t. s ubscc rio u enn b o '-'lIsily gf' lIeflllize<lln in clude
ti ll' illrlll" !W''S of both f'xt,('rnnIIlHlp;ul'iic Held nnd the exis tence of non-magnetic
im pllriti,'s-, Following till' met hod of A. L, Fet ter and J, D. 'Vll lf~eka[ J ~ I, we obta in
k "" l~',. + ':' ,
s; "" J fP'l' J'1U;'){ ~1- i 'I,, + = ..:r(;)12-II + UWl}Jon(i) .~/11 C (2- 1-27)
f ' = -~ FLJ1;·.t(J)J.t (i ) \4/1U) ~i,,, ( "r) (tl .r,
",II
wlwn' "I( ,r) is the- ver-hn- )I n!t'nl ial lllJ(! U(F) is I h~ impttri t.y potcutiul which lSof
Itl<' fill"lll
[i( .r) = L 1I(,r- r.,) ,
with .f'" Il<'ill ~ tlu- Pfl~i l iol1 of ,,11, i lllJll1l'itr,
11
(2 -1-28)
Gencrnll r, one cnn ohtniu 0 non -]illl ',ll' Ilitf"I"l'Ul illl "llllllii o ll d l'S<Ti hill~ thr-"pa
t ial nnd te mporal e volution of theo p er ator lit'hls ~:''''(.il hy 1l\t':Ill~ of tln- 1l11111ilt u·
ni an (2-1-27 ). Ho we ver, it is teo compllcnn-d to hr- ,,01\"('(1 " n l1ll' l,'h' I~' "0 II uu-nn
field approx iumtiou has to !>(' tukeu, III 1hi" Illll' roxil1lnlinu. o w' l'n ll c1,'rHl1I l" 's,'
t he prod uct of Iour fit,ld opt' ra1on; ill till' lntorartlon tenu \. lnt o tllC'follmrill~
\i "":l ('elf
=- 1/JIP;r{< J.k rIJ,t (1) > ~i, d;) Jt l{,r) -I- ~;,rU:'jt"rU') ..:: ~" I U~h'; tlJI ~ l ·
(2·1-:.!r11
The reason for IIlllki ng such a dl'<.-o Ill Jlnsitin ll iNtluu au "Ns" lI t,illl dl al' Jw"'riN Ii ,- "r
Sll p cl'colldncti vity is the Iorrrmtiou u r II Cuup' -!' pnirs hy two "\,,.-1ru liS wit.h ul' l' 0sik
sp in s, wh ich 1'1-'»l1ltN ill I I... a p jlt'J1 I"I1lH'" Olf nil »nh-r 1'111"il11i.-t ,-r , sim-,'
< ~tJ, ># O. TIll' other t('n us "Ollli ll j( {mill t ill' Ha l'tro~'-F'H 'k ,k" " l1ll lO ,sil i"1l slwl l
us < J'!(,f)Ij..,(1) > ami < J. ,~ ( ,r} J'!1( .r) > ha n 11l" '1I nl1littl~1 Silll"" (lil ly 1110' di trl '!".
cncc between sllp(' I'('olld\ld j l l~ stun- nnd uormnl sla t l 's nn ' Iff j llt!'l"I's l ; ru-vr-rflu-h-ss,
thosl, Hnrtrce-Fbck tCi'lUS nr-c- ns.'mllll 'f l to 1)(· tjn- sallll' ill l." t l1 ur tIl<' st lilt '.S 11 1111
t h e y hnvc no influence on the- «uupnrisou IJI't\\'I~ '1l t!WSI' t.wo St.HlPS.
\Vit h themenu fidol l\ppn~~i lll n ti"lI , thl' df, ,{·t.i \"I' IIUlIIilh lllinlllll llV1...I·nIIWS
(2· 1·aO)
an d the pa i r umpli t nde ia tl u- ,lr"-OIllpnsi tiolJ i ~ d,'fi lll',1 i l ~
(2· 1-:l lj
with
Eq. (2-1-31) proVif\cSliSwith u sdf·l;fllJsistl 'lI1. ddi uitj 'm 'ff tllf' IHlil';LIIII /IiI,IlII,· wlli.-ll
de p ends O il the effoctivo H!1IUih ollillll iU"!lI<liull; 1 1 ]f~ Jlllir Ulu ll l it u,],' it s..]f ,
12
II'JII'I'l' \\' 1' umy r"wlt'l! T n ~ nn t he imagilla ry rlme.
\Vitll I.lJiI' ,j,'fillili" ll, OW' r un f'~ t ahl i~h the cquntlon of motion for th...field
"1 "'l"a l"I '.~ fnuu rln- l"f' .'d ive Hruuilroniun k., 11.~ i ng the Helscnborg equat ion
(2-1-33)
1I'1l"I"(' () ,,. il< a lIl'hilrury 0]>1'1"111.01" ddil1 e~! hy Oi, = cli ·ll f Oc-k·llf . By me'nUl<
Ilf l ilt, 111lI i' ("<lIl11 1111tlltilll!;a ll!;,'IH'n (2-1·23 ) WI' ohtuiu t il<'"f!l\i\t,io ll of motiou for the
1i,·l,1 01'l'l"lItor l<Ill< f" llO\\'l<
{
" -OD J." I= - 1-.!....( - ibV' + ~ ..r(.r}) 2 - /1 + U(J l]J." l - F < ,7" l!~ [ > l!,j."
r 2m c . ,
'lf ~;'1- 1 "" [~(ih \' +~ ..f(; ))2 -/1 +U(;)j ~L -l' < ~I, t I;\t > ~i'I\ I '
r'.!tll r: (2.1 . 3,1)
;':otl ' tlmt tlU' pair muplitudcs lIl11y hf~ expressed ill tenus of t he H(i~(,llh(>rg field
"I "' mt ,, rs l n llll<fol'lWlt i'l ll, i.l' .
{
< ~~ 1 ,l,t> =< t~L( T )J't ,(r ) » .
< ,1'IJ'1> =< ~~I\· I( T )J,.'I[(T) > .
(2·1·3,))
Silll'<'WI' Ill"< ' only illll'l" l<k d ill filUliujl; the solutio n of t he pair nmplitnrlo.
whk-i, ,e;il" '" til(' on l"1" I' lltllll lP h 'I' ill 1I supcrcrunluctor, mrhcr t han tln- detailed
r<'[lI"'''l 'lll:,tiOll of till' fll\1lllti;:ptl WII\l' functions J.ow l J,t th t'I)l !i'(' h ·C's, wo intr oduce
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together wit h anomalous ).Intllubnrn functio,~~. whic h nrr-dl"O"d~' n 'l ntnllu t l1<· I>ll;t-
nmplirude . gi" Cll 1>"
{
:F{~r. i' T' ) = - < T, fio ,,· , { i'. rh~ " : I ( i' , T' )I ».
:F i ( ; r, ;'T' ) =_ < T, rt'~L ( i'. r ) ~~L (t , r' ») > . ( :!.\ .:Ii)
T he sc lf-consi<;tCllt eXl' rt"l<lliou uf tlK'uf, I.-r \Nlmm, 'Il-r ;,. cl.,lil"..\l1:<
T he time-orde r operator T, whi ch nppc nrs in till' d,'fil,: .j" l1Il( 1,111 """ ~ l ll hll rm l1 1
functions with rc~p,'('t I,) thl' imnginurr t im.' T is <\d1111..1 I1S
< T..(.~ { r )b(r' lJ >
= 8fT - T' ) < ..i(r )J1(r' ) >
- 8( T ' - r) < D{ r )•.t(r ' l >.
where .4 azlfl B nrc nil)' (t'rmiou oprmt nn<11m) fI( r ) j,. IIII' 7<1." fll " ,., i"ll
{
I ,
9( T) =
0,
r > 0,
r < 0.
T of these dd incd Mab uhnTfl{u u t"t iolls . wr r"'11 linn' ti ll' Cnr'ku ,' ' '' llmn " uS
1-lI i - 2k(- ;/,V+ ~ ..r( .i') l 2 +" - U{i' )J9(ir•.i"'r ' , +6(.rJ,FI(ir ,..i"'r' !
= Idl( r - i' ),
I:H:J !J!
(- ,, ~ - ~(- i'IV +~ ..f( 7ll2 + I I - Ur; ,I.1"U'r•.i"r' I -6.(;:Jmj 'T,J-"r' )
.,.,0 ,
(2 ,1" 11))[ft -t; -~(i ftV + ;.4(i»2+/1- U(l /IF f (; r ,;'T', - CltCr J{i{.i'r , j·"r')
= 11 •
f2·H1 J
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III IJ If' fn Sl ~ thnt tlw H umilto n inn is in ll"!ll'ocl cllt of imagina ry t.im" T , the
M a t.slilmn. functicms only d epend o n tlJ,..di ~"'rcllcl' of the irrm ginnry ti me ( T - 1" ).
TIl" F' >1II"i" l"tmusfonuutbm of thes e Iuucti ons with rc sIlI'c't t o I' yield s
{
9( :I:T, ;'T' ) = ({JII)- I 2:::>-i......1r- r' lg ( i , i', wn ) ,
.rt(.rT, .r~T ' } = (f'lh)- lLc- iw,, ( r - r ' lFt ( J7, J~ , w ,, ) ,
wl l" rl' w" =(2u + 1)11'1/'11, ;ll1Ilu = O, ± 1, ±2, " an d we huvo nsed t h c pcriocliciry
"f t,llI' fI,l.. t,su lmnl fllllfti<ln( n lll;iw 'u llJ'
9 (r < 0 ) = f 9 ( r + {1> 0 ) ,
wlll 'n ' 1IIf ' Sill;ll111111<'rill;h t si cl('c!"l l(' ll clso ll w hethe r t he field o perato r-s coush ' tld ing
111" 1I1i1 1sI 11,am flllwlinu an'fl'l' lilinllsur lmsolls.l 15 ]
TIll' ("llllllio llS of Ilioti on ~:lT t i ll' Four-ie r «uupouruts can b e writ. t on as
j [ill """ - ;f-(.- iIIY + ~ ,.i( i » 'l +I' - U( .rJl9( ,r, J~"-' " 1+ .6.(r jF t (J,;r' , w ,,)_II' r =M(; -;r' l,I- i " ....:" - ~(/h" + ~..r( J))1 + 11- U( :i")j.r f(;r,i',,,-,u) - .6.f(; )9 (; ,;" , ~ ,, )
=0,
(2 -1-43)
T ll ,'wlf-\" ' llsis!l'll t rouditiouln'ou ue-s
~( ,i") = t ' < ~i' d,rl\i, l{';:") >
= l 'F( ~'7Tu + , iT )
= 1'(/1(1)- 1L ,-_.... ut F(;'r, ~ , w,,) ,
(2- 1-44)
TIll' ,,:":nl"k, ,\' \-'l lHllicllis ul.tniucd nbo vo Illl wide the basi s for the self-con s istent
.'a klllll li o !l (If Illi' onll'r pn ruuu-n-r , Our ('1111 nssumc it sim p le form o f .6. ill Eq ,(2-
I -,t;l l 1111,1 obtain th,' snillt jull uf F . TIl(' £ ' 1.(2·1-44 ) then g ives n lIC'Wform of .a,
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so that by substit ut ing the o b tained Do into Eq.{2-1-4 3) ll~lli ll and rt'l lI'n t i ll~ t ill'
sam e proce d ure, one cnn finally ebtn in the sclf-eousisteut solu tion for ~,
T he t heory obtained nbove covers most, o f Ilwl' nr l)' t ht~ )ric 'H sud l liS Cill~.I ,, 'r,C; ·
Lan dau th eo ry lind DeStheory . Gor'km·l ~6 I SUl't'l'l, tl c,,1 ill d,'r iviu,l!: l li t' C-L "1111 1'
lion which is valid rieur the cri tical t empcrn tnn- T.. from Gor' lw\' 1'l[Unti' hls, TI ll'
de r ivation de termines the phcnomcnol ogicn l ('tll1.~t ll l\!.It 1l1'pt'1l1'ill,C; in t l lO'(;· L I ll<"
ory in terms of the microscopi c cnlls t n llWl llu d t,lll' np l' rnp rint,I' nlll,ct f,,1' whid l t.I\O'
G-L theory is applicable so that the G -L thoory has :.!~ t ' firm hnsis of m k ros l"0 l' i,'
theory nnd con be generalized to muc h more ('omJllknt.t·r~ S)'S!.t' llis such lIS lIlilP;llt'l,i, '
superconductors etc ,
If one ap plies t h e GOI" ka v t'{l'mt.iolls to t.he hulk SIl[l"Il'o lldHl'l tir which is SJlIl·
tia lly homogeneous without t he cxtemnl mngllt'tir fit'll! , "HI' run I'1lJl id ly [inr] th,'
res u lts lISobtained from the DCSr.1.\ I tlU'o ry, As un ('XlIllIllll' 'If lil" 1l]']ll it'll1.ic'll 'If
the Gor'ko v cqllat ion~ , we will show t. h,~ t!e!"ivlIlioll 1 1I ' i " n ~, below.
In a spatially homogeno us super conductor , (Ill" 1'1111 tnke
..rCx)=0 ,
U Ci ) =O ,
~Ci) = .u. ,
so th at the Eq,(2-1-43) is of the form
[i liw" - ~(-i 'I'V)~ +,'lQ (r ,X'w ,,) +bo.Ft(r,j,'f,w,,) = ',h{.; - / ) , (2 . ]. 4,",)
[- i ll wn -~(il'Vfl + /IIF t(.T' , t ,w" J _6t9(:i",j'" ,WIl ) "" o, (2-1-t\Ci)
The trnnslntionnl incnriancc of till: a h ove Eqs. illlpli.'li tln,.
9 ( ; ,t ,w,, ) = gC7-:t ,w" j ,
Ft(x, t ,w ,, ) =Ft(i _j:' ,w,, ),
IG
(2-1-4 71
IIll1l II( ~ll<:e WI: may hav e the Fourier transform ntlon of the Matsubara functions
wlth n~sp(~d t o spatinl coordi nates
0(; - .f" ,w,,) = (211' )- 3 JdJk e ik.(l - i" IOCk,w,,) ,
,rt(; - i',w,,) = (211' )-3 Jd1k eif.( l'- I"IFf(k,w n) ,
(2-1-48 )
(2.1-4!l)
Sllh~ tillltilll; tho E'I,(2-1-48) and (2-1-49) into (2-1-45) and (2-1-46 ), we have th e
, 'cJlIlll iOlIS
li//w" - cd 9(k,w,,) +6.,r t(k,wn) = 11 ,
!-ihw" - frIFfCk,wu)- 6.-0 (k,wu) =O.
wln-n- ti ll' onll'I' pammctr-r fj, is of the form
TIll"s" llIti"u s of tho Ells,(2-1-50) lind (2-1-lil ) are casv to obtain
st>the t<df-l'ollsis tel\t c'clual,ioll f<>r the order pa rameter is wri tten as
(2-1-SO)
(2-1-51 )
(2·1-52)
(2-1-li3)
(2-1-54)
(2·1-55 )
Elilllillllt, illP; till ' rouunou factor A ill (2-1-5ii) 1"111<\ comp leti ng the summation 0\"1'1'
..'", \\"1 ' huvr-
(2-1-56)
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Th is eq ua t ion can c1clC'n n ilic thr- t rnusinon tempcrutun- nul! urder pi mmlt 'lt'r ~(T)'
Wh en T = Tc , the system goes to norma l slalt' l'Ill h nt ~(T~ ) =0, EtI.(2-1 -5G) i"
of the Ic rm
{2-1-571
T his equation allowBus to write down till' r-xprr-ssien (ur Ir ll11si li.>1\1'''III''Tal ll l1' '/~
ill the bu lk anpercondnr-tor h S
Tc =~cxl'{-I /JY(o)n ( 2- I ,tJ8)
where"'f is Euler 's conetnnt. Th is is thel<h':nr tL'l<\\ll '1I1 11Inl n£De S II H'ur~' "ht llill" l!
by mea ns of vnr int ion lllC'th ocl.1H J
Anothec interesting 1illliti l\~ r uso i.~ thr- vnhu- ur UlI' ol'll/'c 11lLnlm '!"c Ill. '1'"" fl .
In thilScase, Eej.(2·1 -60 ) IX'('UIlLC'S
so that
6 (0) = 2wnf!xp( -I /N(O)V ) . (2 -1-00)
The more gene ral relat ion between the: uNliT p: mtll ll ·!.c·r uud !.c'IlIII11"ll blfl· 11<.-.1"
numeri cal ealct-Iation a nd we do nol disnlS'1 it h' ·re'.
\Vc have discu ssed th e theo re tical clC"tlCriptioll ..r" slIl,,'cro ... lur lll,. Im", ~1 ' 11 1
the Gor 'kov ('(l\liltiom which is ' Iuitr geneml 11 11I1iJlI'hll" 'l' ti ... G-t. t1 1/ ~ 'CY 1I11'1IICS
th eory as the speci al ea ses. III mMilioll we r a n llpply Ibi s 1 ,l l' ~ W)' t .. n ili o n ' ""Ill '
pli entccl enso wi th the oxu-mnl uwgm·t ic fil 'hl llllJ! i\ll\lul'ity poh 'u t ial u l", liS 1'1" will
show, to cunaidcr i llhu lllllW ~lwllns st ruct ures. N'1'vl'rt lll'l,OSS, tIll' non-liuvnr (l'lotnl'!' ill
the Gcr'kcv cquutious mukes ii, \'f~CY fliffkn ll to ""l \'f~ Ihf ~ " fli lll ti oIl S din-ct.ly ~;" t.l lHI
\Vc will diseuse thCM~ 1l1l'lho.ls br id ly hd uw,
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(2-2-1)
!j2-2 de Ocnnes-Wert hamer T heory
!i2-2 -1 Li n e aelee d G np Equatton
Tu c"klllnh) the trunsit.iem tem perature Te , the integral solutions for hot h the
flllwti.,llH9 unel .1"t from oquntlo ns (2-1-43) can be worked out as
9( J,i" ,w) = g"(,r,i" ,w)
-J({I", I rP.T:.! Q"(x,,rl,w)ll.(i'dl'r(,f'2 ,xl ' -W)6.t(.T2)V" (X2' i" ,w) ,
.;d p'·,1",w) = J(P,rl Ql/(.il ,x,-w)6tP'·dQ" (xl,X' ,w)
-.I 11'1J' 1 t/J .T'l9" (.i l, .i' , - w)6 t U:d 9 " (XI , .i 'l , - w).6.(:i"2).1't Ci 2,.i' ,w) ,
(2-2-2)
when-WI'1111\'1 ' iUI,["IK!nC"l,d the Green's func tion which descri bes the behavior of a
Hi l lp;II' 1'[I'I ' t nll l ill tlu- nonunl state, Q"(,f',X',w,,), satisfying
WIU' I'I' W = w" = (21l + l )rrj jJh and II = O, ± 1, ±2. " as before . One can notice
tha t, ne-ar thl' f1'iticlll transition tempe rature, the orderpammoter which descr ibes
a s l\ [l,'n'!>I IC ! Hl't i ll~ p 1111S11 ill supposed to be small so t hat a.linearizntion approxlma-
l.ioB fol' ti l!' order !Hl1"l\Ul!'ter cnn be considered, hence, the self-consistent equa tion
wln-n- til!' cOllpling const nut ha s boon written as a function of ,i' since ill the nppli-
ru tiou tn I.h., inhourogcncous stl\ll'rCOIldllctor, it tnkes d ifferent values for differ ent
rq l;ill1l's nll .lt,lw!';t '1"I1t'I is
(2-2-5 )
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where the b ar m Cl\ US the n\'c rnge ever th e rnllllUllIlr c1 i~lrilllltl'(l illll'nr i1r l"lU l i~lI­
rations and the order parame ter hn!!; been m<sllmrd n ',,1 with lml rlu- um p:m1 ir tk-ld.
U one can have the solut ion for the kernel h~' nnr 1I \1 '1l ll~, nul' "nil "n ln,ln'.' II••,
t rans ition temperature TO' from th e Eq. (2·2 · -1),
§2-2-2 de Ge n nes Th eory in a Bi layer Struclure
Perhaps th e simp lest geo metry one enu co ns ider ill n 1,i1n~" 'r lllrl\cl lll'1' wilh . ,\".
b yer of supe rco nductor labe led by A nod unothcr of Ilnrllllll 1lI,·tnl lnh,.],·tl 11)' B,
Relat ed to th e corr ela tion (un ctio n de Gcnnc s [ ~ 1 ,,110\\'1'" Umt till' l:t'rud q...{.r, til
sa t isfies th e diffu sion equa t ion. III OI W dhuc usionnl , 'n lll' , it ill o( 1.1ll' form
where D(x ) is the diffusion constnnt and N(r) ill till' tl"lIl"ity uf l"ln lt~ llI 'hr t l...
F (' r mi surface. both of the t \\'o coWltnllt.'1tnk, ! "rrt /lin \~ II IIf'S lll' ''ltfllillt; ; ' 11r is ill
th e supe-eonduetee rcgiml or Donllnl met nl n-p;iou . Fr"l lill ti ll' £I,. (2-2-6) w,· I..,y"
the general solution
{
, > 0
rur , •
;r: > C1
{
r >(1
fur ,
T ' < n
{2· :!·1 j
where (.1 = (~)\ . (IJ = (~)\ nnd A 1111<1n nrcthe 11l1",ls d l,jill... l lll)(,v,· ,I"lIot illl1;
the diflcrcnt Inycra. The cndfidcut.lI II nud >.. lIltoll l,! Ill' d"kl"luiIWd by l lw I' I'''P' '1
bound ary condirlo na,
The firs t boun da ry ccndit lou given by Ii.! G I:llIll "l [ ~ 1 i..
(2 -2 ·8J
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This condition means that there is no electron flow out of the free surface, which
-$;Q,..,(x,i' ) =0 at free surf ace . (2-2-9)
The sl'mlJf! condition CO/nI:S from the &1_ (2-2 -6) uirectly if on e completes the
illli'~rl\! with rc'liJlf~t to x ' ill t he Eq., t he boundary condition is
Drib.
VJ; continuous at interface .
TIJ(~ 111 ,~t boundary condition given by de Genncs( 2 I, having considered th e dirty
limit 1 <. E. with 1 1Jl'iup; the mcnn-Ircc pa th, is t hat
which yields
cont.inuo us li t interface .
Fl'OlII t1lf1Sf' bouudnr y condit ions, it is straightforwnrd to solve the coefficients Ii.
l'llh"l'<'llI'f' kngt. hli E. .v(T), E.s(T) so t.1111t the kernel Q",in each region Cl11be treated
ill< roustnut \\"1' ('1111 hnve the quite »implc equations for those order pnrrunctcrs
p;i " " 1l 11S
{
,;"=I:l'"T~ N""~N,n(N,~",;,, +N"N,nC>,) ,
.Il ~ = L "~T-I ' I~(N:b.ll~ + N"N.ab.,,) ,
'" ....· 1 ,,'+1 ~(I
21
(2-2-15)
where 1\ and b ar c the thicknesses or th e supc rcouduetiug 1l!u!not'lllHllny"l' rt'~ II1" ' "
t ivcly lind a,b« ( 0 'The thickness dependence of tlll' lI 'i1l1Nili o ll ll '1l1]ll' r nl nfl' 7;.
rna)" be obtained
(2-2-Hi)
with
being the "effec t.ive NV " in th e De S forrunlu for Te , \VIll"lI till' I'UIIl 'rl nU h'I' j l'
composed of su perco nduct ing and pure nor mal nU't.nl.~(V" = ll), we hnl'\'
much la rger than the coherence lengths . III this lOlL>;f', only 1,1ll' lo\\~'s l , fn 'ljW'II" y i:<
impo rta nt since ~."' = (DI2Iwl)~ ill the ke rnel Q...( J , 3"') has t.lm uurxinnuu {..." =
(DI2 11'T) ~ 0 T he deta ils of the one -frequency upproxuuut.ion, which iNvnliel for 1,llis
limit, can be fo und in de Gcnnc s' work! ~ I noel we <lily !ll"l'S('lIt Il1'r" t il, ' l""Nliltalll.
equation determining Tc
superconductor and normalmctnl respectively .
§2~2~3 Werthamer' s Kernel a nd th e Tr an s it ion Te mpc ent ur e
Instead of relating the kernel ill t he lillcnl"i1.l:'] sd f· e' lIlsi sl ' :llt Eq. (2.2. 4) 1,1 tl ll '
diffusion equat ion , \Vcr tlwmerl 4 I dea lt with ti ll: k"l1ld ill a 1lI0l"')s 1.rHi~ht.rl)rwn]'(]
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WHylind ob tninerl the explicit expression as follows
1
L Ci_.(i 'Y'J ~ N(OIlI,,( l.lT..'9 D)6(i _ ii) - X(x- ,)1,
" '
X(x - y)= (211" )- 3 / r,k·(i"-li)>.:(e~,:'l) d·1k,
xC ,) ~ ,,( ~ + ~, ) - ~(~),
(2-2-19)
where I/,{;;) iii a di~Ill11llln func tion find N(O) is the densi ty of srntcs for one spin
pmj"d ioll nt Fcnui-sur fucc. The kernel ob taine d above is quite similar to that
wlJrkl'l! o ut hy ('" GeJLliI'S[ 2 J through the one-frequency ap proxim ation. Indeed,
WI' will 1'1'1' ls-low that. both of the kernels yield exactly the same implicit equntiona
which dr'i I' I'l11illr~ t.bl' tmnsit.ioll temp erature Tc of a bilayer system .
TIlt' snhstltutlou of r-qnntion (2-2-10 ) into the linearized self-consi stent gap
l'rjllnli" lL
(2-2-20)
"llsl...til<' illt."gnJ r-qnntion into the (lilfcfcntinl form
wlwl'"
e= G~~::;~c = 211"1~ Tc '
[N (O)F (.; WI =In( I;~;~ ).
(2-2-21)
(2-2-22)
(2-2-23)
T il,' houndnry ,'umli l.iolls, based 0 11 thr- conscrvat.ion of the cnrr ..nt when the elcc-
t rons nO SHIlll' in terface, ure
lit free surfaccs ,
(2-2-2')
contlnuous ar interfa ce ,
It worth \luting that thr- second boun dary condition ado pted here without the
,l ilfuHioll \'odfi l'il'll l D uud till' dens ity of sinks ut the Fermi surf ace N is slightly
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different (rom that of de Gcnnce. Au implicit nssumptlon ha s 1 H'~ ' 11 IllIlll., tltnt tlu-
de nsities of the st at es at Fermi surface nrc t,hl' sutnr- ill Illlth of t.lu-r..,dolls mul
th e diffusion cons t nuts on ly influence the cohorcuce "'np;th s in enr-h I~ 'p;i"n_ TIU'
de tailed discussion on the effects of illt rodm'illll; the d iifllt<inn t't>Ilt<lllnlt<nnd th t,
d ondrie s of the st ates at illt.erfIlCl'S ('111 hI:' funn'\ in till' works hy S. TulmlllLsli 111<\
11. Tach ikil 14 1,
If on e consid ers the solutions of tiLl' order parnuu-ter ill hoth rl'/l;itlils to Ill' or
the following form
6. (x) = c:W -. r , O< x $D. ,
(2.2 .2&)
on e can eas ily find the foll owing C'llllltiolls with the htilludn ry t'OlIditiolls
(
,1('1'; ) ~ lUl¥.'),
X( _ ~2 !:~.) = Ill(~) '
k. tan( !:. n) = k" t,n nh(~~ lI b ) ,
which a rc sufficient to det ermine T<. As mentionednhove, l.llI' la sl" ' IHl1 lillll or
the above , if one included diffusion cous tanta nnd (kusilil'l'lof t.l ll ~ stal<·.~ lit tllI'tllI'
interface , would be tile sn rne as tha t obtained inprev ious snIJSI'd ioll 1Jy ,I.. G"III1" S
theory un der the on e-frequency upproximntion, It il'lill thn.t ,;l' llS" th at WI' ""lIs ir ], ' 1"
t he Wcrthamer theory va lid for th ick film s.
In th is th ick films cns c, one cnn CO!lsider the lituit ~ -t: I.: ;'~ :::::: d' .11 SlI l llll\. till'
function x{ z) can be rep la ced by
{
lll(l + ( f Z)}, fOI" :: :::O ,
X{ z)..... •
"1"-111(1 + : ), for : $() ,
(2-2·27)
Ch oosing the rrans lnc n te mpo rn turo Te N = II for tl ll ~ lHll"lillllJl dlll , tllr' t,l'll1lsit.illll
temperature for t he bilayer syste m is obuducd
(2·2·28)
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T he re·mits ohta il\('c1from de Geunes -wcrthamer theory will he discussed further
ill nex t chapter with t he comp arison to ou r calculation.
!i2-3 Eilenbcrger 's Equat ion and It s Dirty Limit Version
~; 2-3. 1 Elle nb erg er-ts Eq uatio n
SiIWI ~ (l r~ Gf'1lI 11'>!- \Vert.lIamer thcory is based on Hnearlzed self-consistent equn-
I.ioll (2-2-4) , it is valid on ly whe n the tcmpcrnturc is very close to the transition
u-mpmuturo T~. To »tudy the behavior of the inhomogeneous system with the ex-
l.f'rllallllllll;lldil· til·lll. OlW hns to consider liw finite orde r parameter so that a more
1l;1'1Il'l"al tln-ory, hut. simpl,'!' tli nn solvin g the Cor'kov equ ations is needed. Such Il
theory wns l'l'till,lishell by Eileubergcr11ftI t I II I . \Ve will only outline tho resu lts
of Eikllllf'l'p;l'r '.~ theory below . A somewhat more detailed discussion cnn be found
in Al'l'f'lldix A nr from Eilf'nlK'rgcr's works l 15 1 [ 16 1.
Eilonlx-rgor introduc ed th e gauge-invaria nt Gree n function s
{
G,,(f , .r, £') = - i < T(~..(.i',t )v\t<:t ,O)) >.c-UIZ.E') ,
CluJ,.n = i < T(~l{X,t)~.(." , O)) > , '''''''', (2·3· 1)
uud the HllOl1ln!n\1;; Gn'C'u's functions
{
F{I"i:',i') = - i < T( "~dx, t) ~l (;"O)) > eil(E,r) ,
pf(l , .r,.r') = i < T(J,k;,o J.kt ,O)) > e-i/ (i'. i" ) , (2-3-2)
whore
nud
I( .7"r') = ~ 1,' ..1(i' ) d:r.
c r
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(2-3.4)
To coincide the notations used i ll previous scctlou with IhuSl' ill Ei lt'llhl'l'~('r'~ lI'urk",
we have introduced the transformation from Srhrilclinp;f'rfield It> IIf'isl' ll!ll'r,..; H.,!,!
(2-3-3) in which the time t is real ruther than inmginury us tv-fore 1II1l1 dlu'~.'II" = 1,
The ope rator R.1f is defined by (2.1. 301 11 \1(\ WI.' rewrite it lx-low
with
s, = ~(-ih'V - ;A(i»'l- I' +U{ ;) , (2·:}·0)
The phase Iactor I introduced in the dcfiuitiou of !.lIP Gt'l'f'Il '1l f111ll't.io llll UhO\'f '
removes the inHucnee of gauge trnnsformntlon OILthe GI"f~f'lI 'lI f lllll' l ions G,,(I, :r, ,r)
and Gl(t,i',i' ) bu t the Ft(t , i',i" ) and F(f ,i,:f') an' roruniut-d P;lIU,c;I' dl'l U'lIfJt'lll..
T he Fourier transformat ions of the Creon fllUel,jlll l" G{I , ;r,? j art' . !. 'I i l lf ~ l m;
(2 -:~ -7)
For the Green functions inrllld ing th.~ JlltlL<;(~ flll~tors , til.! Gor'kov " ' llI ht i ll llS
2G
r-an lxl easily writ ten us
[iw + ( I - ~(-jV - ;.4(i) + R)2 - U(i )]G..,(i, :?') + 6 (X)F.!(x,i')
=6(.i -.t) ,
[-iw + II - ~(-iV + ~A(i) - j{ i - U(.i )]Gt ( i , .i' ) - 6 t( i )F",( x, i' )
=6(x-.t ) ,
[iw +JI- ~(-iV - ~A(i') - ih2 - U(.i) )F",(i,i") + 6(.i)GL(x , X')
= 0 ,
(- iw+/I- ~(-iV + ~.4(.i) +R / - V(.i )]F.!(i', X')- 6 t(x)G",(a"",.f" )
= 0 ,
(2-3-8)
wlll'n '
(2-3-9)
III on1l'I' I,ll solve the above E(IS, (2-3-8 ), Ellenberger considers II more general
expn- ...... lou {Ol' t.llt' Grl'<'u's Irua-tion G",(1 0 ; ;/: , ; ') which sntisfics
( iW+/I- r,;;(-iV -iDlo )2- U(i ) 6( .io) )G (x ;.i' )
- 6 fP:'1l) -iw + /I - 1T.;(-iV-iDlo12-U(.r) .., 0,·, (2-3-10)
= i o(x -.i' ) ,
wlu-rr- t1;o is t1u' Eikuh"l'ger's gauge-Invariant differc utintion
{
-iV - 2; ..f(.ro) whcu working Oil 6 (xo) ,
Dro = - iV + 2; ..f(.r u) when working on 6 f{i'o) ,
- iV when working on some funct ion of 1 ~(xo)12.
(2-3- 11)
nud G"' ( ;Il ' .r, ~;'I) is tilt' mn trix form of the GrCC'Il 's functions
0 1wiulIsly \\"' hn \'('
G...(.r,.r') = lim G...(To;1,;')
ro-F
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(2-3- 12)
(2-3-13)
Eilenbe rger the n assum es th nt the n\'('fn!!:C' of til(' Grc't'I\'" fl1lt'l ion 'w,,, th.. 1':111-
domly distributed. impuri rlcs restores tilt· :<!",t illl tnm sL,liulilil iuvnr jnuee !'It . tlnu
th e averaged Green 's (unct ion G..,(ro; i ,r ) rn n b.' ("l': I' Il'l<."l't II IS
FUrther, Ellenberger chougc-sthe Yllrillhlt'S from Ctn (P~, ,( l with ( ' " 'in,; lh.' . -IlO 't lt\-
vnr iable ( =((If - kpll80 that
G...(r; k)= G...(i;k,."O
an d defin es the simplified G reen functions ns
1
. f "(- •y(w,J.-r,Xl = ; -G(w,( , I.-,.,,;) ,
2.
- f ,/(- ' -! (WJ, J.: r ,i1 =- ~F(WJ, ( ,J.:,. " r ) ,
I' f '/ (-1 '-! (WJ,J.:P, i1 = ;;-F (w.(, (-"', .1').
• w
(2 -:1-15)
(2-3-16)
where, on the right side, th e argume nt ( d('JlOt~ c'UIiII'If")l:" llf'r l!;Y vllri;II~ ,· whirh
should be illtl'grated O\n alOIl,!!;the contour ( ird iu ll;U... 1',,1,-,(" I till'! C n "'l1fllur l i" lII' ,
parameter i is the replacement for .io.
Starting from the Gur 'km' ('(!lIatinlls (2-3-8) llllf\ f"n"willJl;I' ktl i"lIs d ,·.-iv/,-
t ion , Ellenberger ohtnincd eqnntious for t hOlll' silll plifi''f l Grc'f'1iflllld iow,. W" 'lil ly
p resent the final results here and leave the del/,il,,',\ . 1i~l:m;."i"l1 ill Al' p"Il<lix A.
(2-:J-17)
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{2w - !i f" (V +i~l(x)} ft(w, kp,x)
= 2L:if(xJrJ (w , kr , i ') + I rPif,..W(kF - t1F)}S.- 47T
. {y(w, k /.., iJ .rf (w , tji.·, i) - jt (w,kp,.i')y(w ,qp, x')} ,
1LI,,1
TIll' Sy S!.I'1lI of f,(Jllll l.iolis is completed by the self-consistency condition
(2-3-18 )
(2-3-10)
(2-3-20)
where V is tlu- w npliup: constant and may be replaced by the standard cutoff
(2-3-21)
TIll' ,·xl' lki t. f'xJll'l'lisioll of .6.(1) in terms of the shnplifk-d Green 's functions is given
(2-3-22)
wlll'n' Sf ' Ill'noll's till' Ft-rmi surface. The same procedure gives ris e to t he equat ion
for t lw'·l1n .·ut.1],'us ity ] ( 1)
wlu-n- IJ, is the Il1nglwti,' field induc ed hy the mo tion of the charged particles in a
slIllI·rc'ondlld ,ol'. Compared with the or iginal Gor 'kov's eqnat ion , the Eilcn bcrgcr 's
"II11a1ioa s l in' lum'lI easier to handle sin ce the numbe r of the variables is reduce d
ttl two Irom four. In th e procedure of obtaining the equations, no assump tion of
small order I'lIl'lIml'll'!' has lx'cu ninde so thnt Eilcubcrgcr's equa t ions arc suit able
ril l" 1 Ii1'lc\1:"s i ll~ , !I('( ,m 'ct nf elll' mngnctic ficld .
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§2~3-2 Eil enb erger ' s Equation in Dirt y Lim it
Usadel l 37 I studied Eilenbcrgce'e equations for 1\ llirty "'II....ITolltlnl"luf ill whlr-h
t he mean -free path is very shor t so thnt the 1I\otion of ti ll' d ,-rtnlllll ill Ill'lll"ly
isot ropic with respect to Fm lli velocity vp =kplm. 011(' t1l1L~ r-an rx pllu<l Ill.,
simpl ified Green funct ion / (w,z, ok) as
/ (w,z,iT)= F(w, z>+;.F(w,11,
a nd assume
IFI» IV'PI
From the Eq.(2-3-19), Oll C has
9(W, ; ,;1) = G(w,i')+ ~ · C(w, i') ,
where G(w,.il i!l defined by
G(w, Zl = [1- IF(w,ZlI' ! '"
and G(w, i1 , by
(2-3-2Cil
(2 -3-2G)
(2-3-27)
Substitutin& Eqs.(Z-3-24) and (2 -3-25) into the Eil'~IlI ",r~ 'r 'I< "'l lIati"u I< .QY1'" ill
last subsectio n a nd cr-uipletiug MJ II1C bnsie rJllculutin ll1U I, utI" II;IS Eih'1l1l<'f';"" '"
equat ions in the dirt}' limit version
2wF(w,i) - DOIG(w, i )DF(w,i) + ~ ~~:: ~~ V IF(W , ;W I = 2~(;'J(:{w " r J ,
" (x ) In(:f ) +2,T Ii ).(' )- F(w.x il =0 ,
c ...>0 w
Jr,) = 2;,N(O),TD L [Ft (w, i )DF(w,i ) - F(w,J )(DF(w,i'))tJ
w" (2, :j-2fiJ
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where fJ ='V+2icA(xj aw l D = ~1)F l is the diffusion constan t which can be used
ill Ntndyiu,l!; tl w d fect of tl il~ mag netic field in inhomoge neous di rty supe rconductor.
mll~i[ 17 I unrl eo-workers ap pl ied the equa tion to the SN mulrllnvers case with
I.lll' t"'l lllliliry eoudltions
{ F-' ~ FN •DF" = 'I DFN at SN intcrfnccs .
D, D,
wllO'I"<' '} = (1,,/(1~ with (7 Htnnding for condu cti vit y of normal metal. For the
[l1'1"\ "'lLdindal' llp pr'l' critical field, the result may bc summnrizcdl !" J to
11I(fS) = ~(4)_~(~ + y(;s» ,
In(f N) = J/~( ~) - J'(~ + y(~),
k~ = 2rrT!I(ls )/hDs ,
~.~ = - 'l rrT y(t ,v )/ hD N ,
fJs tHu(fJsr/s/'l) = 'I f/I\' tnnh(IJNd;..r/'l),
rJ1 = ~'1 - 2~~C2 ,
rJ~' = ~';'" + 'l~cz ,
wlu-n ' fi = l:;; ,(i="S,N) is the reduced tcmpc rntnr o a nd y(t) is tho function of the
n 'dll""d tt'lIl (lr'l'nlllW dctcnniucd by the eigen value ks lind k;..r, Given the needed
I'aill<'>'"r/.....1.\,. Dx ; Ds .1Ild '/. Oil(' o h t niUHthe rchulon between t he umguetic field
1I1I,l l" 11I1" ' I'a l u l'l'
[2;rTII(l s)/hD...] I/! t.all([2 r.T y(t s )/h D s ]1/1 ,Is/'l )
=1I['l;rTy(IN)/ lt D .v] 1/ 2 tnllh ([21l'T y(t ,v)/IiDN] 1/2 tlN/ 'l )
(2-3-31)
wlw\'l' rI,. am i tis 111'" till' th icknesses of the snpcreo mlncting end 1l0 1'll1nJ metal
lnycn, ITHI" ·l'l h -d y. At lilt' erit icnl t ra nsit ion temperature of tho suporlattice, the
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upper cri t ical fidel \·tmishcs, t he Eq. (24 3.31) rt"tlllfl '!l tn tilt' rt'!lllit of .1.· G,·nu.",.
Wcr tham("l"and co-wo rkers fOTa dirt )' SN Jlmxilllit ~· IIp, tc1n.
(2.3.32)
§2-4 Tunn elli ng Model in Supe rconductivi ty
In this section. we willmninly disc us!' the tuum-ling 1\1. .. 1,,1 IInlllillu uiun Hn.1
the resultant expr<'5siotJ for the t ransit ion tcul llt'r llluT<' " ht ll;Il...1 1~' ~ It-~ I i ll;, u ,
Rather th an sturfiug from the Gor'kov ('( jllll l illll , Mr-Mlllnn s Lwli,'<\ t ill' 1'1"0 :('
imity cff<'Ct of n sandwich b)' menus or tIL,' h llLlWll illK llLod, '! Hamilt o nian ~h"'ll
H = Hs + JI,..+ 11.,., (2+ 1)
where Us and H,y deno te the coutributiou to ti ll: Hllluilttllli:lIl Irruu lIw ,·I, '('llulIil'
st ates in the sUflI'1'cond llcti ng nn t! normal h,)"t,l'!I T<-t<jM'("tiw'I)' :.1It1 1/.,. d......TiI"... Ill"
prec ess whereby the electrons runnel Irom Oil, : 111J IT tit til.· ull l<'r . III tl'T1IlS u f II.,·
Namb u dou ble ts ,
H s = L::>~ ~' 1T3 ~ l + LWfO~f + L !ll, _t J(tll ,_,. + "t -t,)'j,1, f~ '~ iJ
:; , {,.ll
of L Vt<~ ' t_i~~ r , }( 4rt+fT~ + ll),
i ,.r.,'
with th e Nnmbu duuhlct l J('i ll~ ,\I'filll"ti as
(2 ·4 -:1)
where cL and cr,o ar e t ill: l'I'("n! jo ll lIud uuuihilurion "/ M'/"IlllI/"S fUl" . ,In ·I I'HII S ill
sing le-particle cigclIstntc 'I'i' of til.: M1I)t'rr tllld lldnr, ti l l ' spi ll 1Il1l1 t J Jt~ IM,h,r i i':ll l i" l l
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ludk-es lIf': suppress ed lind (Jt (a) crcatcstannihilatcs] ba re phon ons with energy
Wll, V., is tIL" h are Coulomb interacti on , yf,_', is the electro n-ph onon coupling
i ll sllJlf'n:OliCllidor, f.f = ,N,; - II is the energy spectrum of the free electron in
slll·" n:olld,ld or.
Simi larly, H N is of tho form
/fN = 2::>~~'~1f.1 4r 1;+ L w.;ai n-r+ E g,~ _p, ((li;,-/1. +nt,_iil )<lrk,T3>iF P•
,1 f p,.F.
+ L V~.pt, _/~4<PI )(q.t.Hf~ q." , ),
F",7.,f
(2-4-4)
II I f;l<'t. on ,' (' 1111 ohtnin til{' HN from H s hy rep lacing k with IjlLllll the index S
with N .
TIll' t,' ll llld i llP; Huntiltonlnn H' I' iii of the form
H I' = LTp,I:{ct1 c,1,l + ct lc,. I)+ h,c" (2-4-5)
/1,k
wil, 'I'I' till ' 1.,'1'111 4 1"'7,1 indicate s fI process of creating an electron in a sta te <Ilk
iu IHIJl,·n'o llChl,'t .ll"uud IIl1uihilating one in a s ta te <PI' in normal meta l. The prob-
IlIJilily mllp lit.n d,· fill" l'('lIliilat io1\ of such n process is denoted by T/7,k' A fur ther
"illlp lific'fltioll willIx- IUllllr by t r,'nt.iug thr tunucllug tun tr-ix clcmcots Tji ,k of equal
lllnp;uit,ll!<'T h" t \\'<"'\1 ev..'tj' s tate '1> r lind every state '1',7'
Using I,I1l' Hnmlltouinn lIs nnd H ,\, end crunplcring the transformntlon (2- 1-
a:n. nile' run t1d i ll<' tiL,· Nnmba 01"('<'11'1; fUlIction in suporcondnc t ivity as
~ls(r. r ) = - < Te t ~' r( r )q,1(0) >
_ « Te(Cr.l(rkt.I(Oll > < T..(cr,l (r)c_r ,I(O)) > )
- - < T..(C~r}r)cL{o)) > < T..(c~",I(r)c_,. I (O» >
(:t-.J.-6)
wIL"!,,, < , .. > <!f'llOIl 'lo: tilt' m'('rage over t.he GTlI1tI[ Carlonic.al Bnsembie . In a
simil a r WilY, mu- "an ddilll' tln- NUl'lhn Green's func tion in the normnl metal 3S
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< Tr(~F. I (r )r_;.I (O )) > )
< Tr(r_il.l(r)r-F.I(On >
(:!--1 .j')
T he Green's func ti ons GS,N defined he re Me, in fllcl. thC' l'lplltinl Ftm ric"Tn'IUl'ullI'\jt,.
of the Grren's functions appearing in (2. 1·30) a nd (2. 1.37).
If on e only conRiden the rlrdron-p!lOlllu illh' rnd inn in JI....N IIUt! 11'l" /1.,.
go to zero, the Fou rier compo nents of the erN'n' " (lI 11r l iull gs. '" wit h rc"l" I)(~' 1 t"
im aginary time T may be expressed, ill ICOIl!!of D~' Sl l\I "'llla tillll. Ill'
{
GS I(l:.l ) = Gol (k,f ) - t~~(f, f)
9N1h7,d= G; I(j;, f) - f;~'hi,d
(:H ·S)
where gil ·(ji,e) = [ e - "p i':J)- 1 t!CIl('(.(:S t ill' G n 'I' IL'S CHud ,joll ror n fn '(' d,'( 'II'''u
in normal metal find t~(jr. f) dl'IlOtf'S t!lr IIIntrix IIdf" 'W-flO' ('ulllinv; Inuu lilt'
electron- phonon intcr ncrion shown ill F ig.! D.o;.N ell'lIo te· lIw Gn "II 's £ulld iulI!I .. r
the phonon in the rcspcct jve r<"gioll~
If one treats th e tu nneling Hamiltoninn H 'I ' t.. Sf'nlllll-nn)'·r . ill ,..·If-rn ll,,j,.h·uL
perturbation theo ry, the mlltrix Nof.·If"'·llcrE;Y is ulUclilkl'l .I i l l,ltr lll ll lll:,c;r ll ll y lIS l<l ll...vu
in Fig, 2 which gives rise to the matrix ,;e!(.., :ltl ·flO' u( til<' (ur lll
{
tN(E) = t ';t+12~ G.....,.<EI.
£5 (£)= t~· + T1 EGN..,,(E) .
',.
(2+9)
where r denot es t he trn lU;t;oll f11l1 trix- d" lIlc'Ilt llw l thc' !lJIlI.rix ....·If-' ·llI'f/O' t';t,N i:<
assumed to be E iurlepcudr-ut, III g"ucl"al, til ,: 2 x 2 uuurlx "d f-"lI" rI-;Y t.,>.N muy
he exp nnde rl IlS the liuour corubi nu tiou of t.I L'~ ILlll!.r ix !old Ii ,f'l with l' IwiUl!; t.llf'
Pa uli matrices nud j hoi ug the unit ma tri x,
(2·4.]{J )
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Fig . 1. Scl£-Energy
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Fig. 2." Sclf· E ncrgy of the supercond uctor is the sum of ibe second-order
phonon and tunnt:lJing cont ributions. The G reen's Iu neticns ere determined self-
eonsis~nt1y from the sel!-enerp~.
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(J ill : 1:1I1l :-; iHlplify the expression by properly choosing the gauge and rcnor-
llllLliy.iug the energy sp ectmm l 38) so t hat the components of T2 lind T3 can b e
eliruin utod. 'I'he sd f-eu ("rgy may hI)ex pressed as
('. 4·11)
Tlw fllur.tiuu ZN(Ej IlJId <lI(E) should be dctct mincd eclf-c onslstent ly, The Green's
fliUdio ll for II free electron is given hy
(2-4-12)
Sllhs t i tll tj l l ~ (2-4-11) into the D yson's equ ation gives ri se to
(; _ ZN (E)E i +fr,TJ + <[IN(E )'h
N,'r, - Z~(E)E2 _ f~, + <I'~(E) .
P, ' r!on llilll!: the SH il l over at ntcs, we have
LG =..E1!.. J ({l I/ZN(E)Ei + f r,T3 + <I> N(E)i"1
'r ' N" l' ( 211")·1 Z'j.; (E)E2 f~l ' + <I> ~ (E)
= -iW{l N(O ) £1+ D.N{E)Tl
N [E' - "'ME)] ! '
(2-4· 13)
(2-4-14 )
(2-4-15 )
II'lll'r l' HN = Ar lo\' is t h e VUh l - for N slab,A lind dN d enote t he are a and the
thk klll' HH of th p nnnun l metal, N( O) is the dens ity of the states at Fermi surface
nuda N is the !",'uotllm li 1.l'l! order parnmctor defi ned by
(2-4-1G)
Suhstil.ll tilll: (2 -4-15) into (2-4 -0) and taking :£~ = 6~T1t[ JI.I I we o btnin the
HI .[ r- t ' Ilt'I·~r t'(lllnl iolL~ :
(2-4-li )
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T he self-cons istency y\p equntio n for the DeS polt-ntinl[ 1<1 I i ~
t2-4 -1S)
where the VN is the De S rouplinr;ron.<;llInt . An flu-tnT tllllll ( j I1E) cnn l..• ill ·!"I.'f1
into the integ ral of (2- 4 -18) at finite t.em pcr nt.u re . F"r t ht-' S "lnll , tll"n ' IITc' n ·1uf
equa t ions identicnl to those given above with th e sllhs cl"ipls N lllill S i llll ·n·l ml1~. ·.1
expressed li S
{
. E
Zs(E ) = 1+l1frN IEl _ .6~ 1 1 '
" IE) =Z:I (E)[6."!' _ i ll-r....6 N(E)j
s s s lE'l - .6.~ll'
p' j,"".IE -~s = v:S' -Q'S(E )11, ,
/.
... 6 s (£)= VsN~,O) .IERt:{---I } .
o IE' - .6;1
(2-.1. 10)
(2•.1·2lJ)
T he tra nsition tcmpeeeture mny be oblaiUf'd 11)· l'v lllunli llK thc~ ';;' )) ('fI'lntiull
a1 th e limit ~S.N ..... O. For th e SNsnndwieh , we· tnkl· l ' N :::O. Tl lc · Sf·lr-f'fm.~isll "l "'Y
equa t ion for .6~' at T e u;
, [ 6~{E) E6~ = VsN s(O)Rc -E tllllll( - 7: " ' £ '
o 2 ~
The relation between At I\nd li ,<; is o htnillc·t\ Imm (2-4- W) liS
12-1-21 /
where r = r s +r N . Dy su bst ituti ng (2-4-22 ) ill l." (2·4 ·21) nnd wltlpl,·t. i ll J.\ tlu-
contour integr ation, we:hllve
In (¥;) = (Ef)[,p(-~ + 2:T,J- IN-~ )I ,
J8
where "J iii t1l,: dip;alllmn function and Tsc is the transition te mperat u re of the bulk
Sll Ill ·n~01ullld.nr which ~Il t isfi(~
1 1"'~ E dE
Vs Ns(O) "" 0 taun( 2Tsc) E
''''In(~)+ln(~)
2T.S'c 11'
(2-4-24)
III llu: lim it of la rge: r (JIlC~ cnn m a ke I\.'iC of the asy mptotic form ljJ(Z) ~ In (z) for
ImW:;: /lllflfillCI( IIl)
(2-4-25)
(2-4-20)
r = f'N(1+¥-; )
=ds t 1ANs(O)(1+ f;;)
OIl<'run lIlJtirc: fro m (2-4-25) that thc tra nsition te mpera ture T. va rrishes with the
t,h ir kl1l'liS tis going In an-o. T his is a different resu lt from that found ill de O cnnes-
\ Vl'r t.lllllwr llJ/'tlry aud we willcomparet.his it with the result from our calculation
ill ChIlJllc·1'3.
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Chapter 3
A Calculation of the Critical Temp erature
in Metalli c Superlattices
In t his rhaptor of t he thesis , wei J9 I npply t.h\' D(I~(lli ll llllV r-quutinus 10 t.hl'
m etallic supcrlut.tico wirh a step-fu uctlon approximation for tIlt' pa ir fllllpl it"d, ' . 11\1'
h eight of which is then de termined by m iu imi1.lIt.iOlI of the {et' t· (' UI'l'I!:)' of tlu- H)'s l vru.
We shall fiud, us ing this method for a calculation o{ li lt, r-i-if.irul !.t·1\l\II'r nl,Ul"I· of
a. superln tticc, t hat. our res ults a gree most closely with tl rc hilllyl 'l' ll l'l'l" lIwh of
the McMillan model, the thin film limit providing the {,!I'n rl'sl. H,'pll rn l inll uf ' Iu'
various a pproaches. Further eelculation with fiu i ll' pnir illllp!ilnd,' will iUl'olw Ill<'
compli cation of the per io d ic st ructure and tIL,: s Uhl'l'lj1l<' LLt illLl'li,'ntio lls or[][' Il'h's
thCQ\"cm [ -toI { ~ l l,
§3·1 Bo goliubov Equa tion
To Dpply th e effective DeSHa milton ian t,ft iuluuuogeucous /!;( ~ ll1 ll' l. ri ('.~ , 1\lf'! l'c'a t
it in th e mean field upproxiuuuion usl .1!1 I
q, 1 ( i)q, 1 ( i')~ , ( i)4 r (.i):>:l < 4kil4kn > 4r(:r' )q1l (i )
+ q,t( ;')I~rcX) < 41(l pi11(l j > (a- I'I)
- < 'QCx")4f(.I-;'l >< 1Pr<l)Q ' r(i ) > .
In terrns of Nnmhu t!oubld
-_ (V',I.,))
<> (., ) = -I .
!/JI(l)
T he Hamiltonian ill U sll pcrlnttkc: limy he: writ ten liS
H=! d.lx,p f(i )f(- iV)f.ll1IrlJ- VtJ"::') ! (PJ: F( i)l~t ( ;i;') Tl \il ( i') , (3- j- :l)
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wlwr.: till' parnbolio hand model has boon assumed so that
- '\7'l':(-i'V)=~ -II,
uud t.h. ~ pnir Itlllplitude P(i) i:s dctlucd as
(3-1-4)
Fill'furthe liilllplifil'lIt ioll , we assume that the chemical potenti al lind the effective
11i1ISi'( o f Ihe I I1 11lsi - ]Jartidl ~ ill ('I u 'b region lire t he same, l.c.
JI=Jl ) =II~ m = nll= m~ . (3-1-6)
c,ullp)"t.illl!; the trnns formntion from Schriidingcr(S) field to Hei scnber g(H) field
0 /1(£.1) = eiti'Os(x)c-H if
with 0 .'1(0/1) l)('ill,c;nuy fiekl o pcruto r-, ~ or ~ t , in S(H ) picture lind using the
!1l'iSl'lll,,'rp;I 'lJlltlli llll
i~OJl(;. t) = [Ol/(.i' ,t) , if] .
LI lf' ('q llldiull (I f motion fU I' the fi eld opr-re tors CU ll be wri tt en as
where- u; is t.ln- ru-der panunctr-r in the region
for -0 ~ x ::;O .
(3-1-7)
[or O::;;r::;b ,
D.;(1) = l-i(i)F(1 ) (i =1,2) , (3-1-8)
E:q Hllld ill,l!; 11tl' fh-ld 0p I'wlll l' ot (,r'j us th e SIIIIl of the positive a rid negat ive en-
I'I',I:;Y t'Oll IlKIIl I ' ll t nud t'o lll pk tin g the Fo ur ier trnnsfommtion wi th respect 10 the
\'llfll'tlillnlc'sl/allC! :)'idcls
,Hi.I) = [ .../, !!!E. J~{<I'(E.I, .r )c- j(f;f -r.PJf( E,l)
. 11 2;r (2 ..)1 (3-1-D)
+ Q'(_E,I, .r)c;(f: /- f.,;'JlIt(E,I)} .
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where r~ (k,l,k . ),p= ( y, ~) and wv(" = 1) ill t Il<'DI·hyt· fl'l'(I\l{,U C'~·.
T he equation of ruc tion (3-1·7 ) bocomos
{
{E + t,;;1;r + (/1- t,;; /1)Ta+ddd<l'(E, I" r ) =0 ,
{-E +r.uflt + ( /1 - t,;/1 )T3 + A iTl }<1'(- E ,I • .r) = () , (3· 1·111)
Note that once we ob tain the solution lI>(E,1, .r ) with pn"il in' ,'W'I' K)" l,h,' 1l, ·~nt.i\'l'
cncrgy solut ion 1'(-E. f,x ) may be wrif.ten dow n illllll,'di lltd y 11)' 1,1Ll' l"l'p lnrt'llU'ut
E -+ -E in the solut ion <I>{E, I, s-), HOwe only CUlw 'ut,rntl' " 11 "h l.nilli llp:t.lU' l<Oll1ti"lI
«s.i.»:
T he furt her upproximution is mnde by tllking
"' ( E ,' ,x ) ~ ,,(E, x ), 'Q< , (:I. \. l l)
where u(E ,l ,:r) is assumed a srnooth ly varying fUlll'l.ioll so t hat. ti ll' HI" 'OIHI d"th'll'
tive term of u(E ,x) with respect to x rnu ln- dWl' lw<l " If nm l lJ i:; n:;:;11II1t'11 1,0
be
(:1-1· 12)
where kF is th e Fermi wave vector.
The equations of mo tion (3 -1'10) 1I0Wh'~~OIllI~
{
{E +~QT.l f+Al ( ;i:')T I} 1I 8(E,:r ) = (J
{E + .!-Qr3 _,(1 -t- At (i")TI} l'N(E, ;,:) = ()
In ' x
s ,
N.
We n ow assume that the loca lized order pHrnllldl 'r tlo;(,r) is slmply t Ill' hulk v:dll"
II I and A1 in each region, lind nlsoi ll t r< J(h ll"~ till: stl' p -f Uli d ioll :'1' l'ru xilUh!iOIi f"r
the pair potential
{'; ,A j(x) = s , for fIf! -(/ <;,: < mI ,forflf! <:r. < flt/ + /J ,
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(:1-1· 14)
where " is Imy integer and d = a + b is t he lattice period, The parameters 6.1
llud 6.'1"pll"llring in (3-1-14) nrc next detorm lnodby thc minimizotion of the free
energy of the system, which con be e xpressed as
< ::~ > =0 =<~ >
nud r{·.~llltH ill the set of coupl ed equations
(3 -1-15)
(3-1-10)
To dr-rive Hie explicit form of these equntions.we require the solutions of (3-1 -13).
T hr-se lll'l~ l'I'IHlily found t.o he
nd-a< x<nd ,
Ild<x < 1Icl + ["
(3- 1-17)
II'IH'!"',ful' ; =1 (S),2(N )
~3- 2 The Periodic Solutio n an d the Energy-Spect r um
SiUl'c ' weure considering the'su pc r latt ice structure, the Bloch theo r em req uires
thn t
whh-hylelds
{
1f(E , ;l' ) = li ( E , X)C,q.r ,
li (E ,x) =ii(E, :r td) ,
II (E .r + tI) = I/(E.r)ci 'l <l •
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(3-2- 1)
(3 -2·21
The n the bound ary condition s mil)' be writ tc n es
{
"5(£•.1' '" 0- ) '" I/N(E. " = ~+ ) .
useE,-0) =: " N(£ . b}t: - ·, ~ .
For the nont ri..,jl'l.1 solutio ns the followingcondi tiClu i>l t1 K'I1 Jl('(· ( 'll... 11')·:
(3· 2· 31
cO!l(dq)=: co s(apl) cos(bP2) _ , (1 - 6 1 6")I ~i ll(nl'I)"ill(I'J~:) ' (3-2-41
1 '/2
which gene rally gives rise to gnp!!in the en el'gy 1lLOllll '111 1 11 sj w d m lll [ -IUI [ -Ill ,
Th e finnl co ndition 011 the nOTmnli'lnt ioll of t he lll,luti UUII
[ llt( b" ,.r)U( E ,r ) d.r =216( £ - E') . (3-2.1;)
allo ws cue tbca to comp letely determine the cocffid t'ub, whk-h i ll llhnwlI i ll AI'P" "
dix D.
With th e solation nt ba nd, the pa ir nlllpl i tl\l~ P (/ ) lllll)' 1M' wriru-u ,k'w lI
Th e gap cquntlo ns
t> 'f.'-d- =- dxF(x)1'1 (1 _.
[
" dE dP - PE
= ?-(?)~ F(6..J tllllh(?Jto _lr _ II" _
with
F{.6d= ! r d:!:'(usfE,z )usCE,r »)1 2i i:
= a61(1+,.dOAI2 + 1012) + -.!.. ~ill« (JIJdA D· (; - j" · 2(1 +111.
1"
Th e correspond ing clqm :ssillus for t"c gioll N un '
t> If.'
-d" =l;" Q dx F(:r)
1.""dE ,IP PE= -2 -(0)'IF(.6. 1 Itllnh( ",? ) ,o 'If _1:) •
"
(:1-2-61
(3- :2-i)
(3-:2-8J
with
(3-2-1O)
TIll' full expression of the codficienls is quite complicated . However, to find
!.IIP fTi1.i" 1I1 /.C'IlJIWr:ttlll'f' WI' let the gap parameters 6 1 nud 6 2 uppronch zero , in
whl..b ,'as!' (3-2-4) ~i Vl's cfls(dfJ) = cos('/,; I::).I11 this lim it the gllp equations nlso
simplify ' ,0
{
. _ '_ = £"""~l'·. r '!!l[1+(~ _1 ) sill(ak ) sin( bk) lhnh(~ )I'~ N(O ) . u E u 1~ 1<' d2 bksin(dk)' 2 '
i 1"" dE r: dQI ( '" j'in(" q,in(bkl j I (PE )
" IN (O) = n E iu y.;: 1 + 6;" - 1 a h in(dl'} tan 1 2'" '
(3-2- 11)
wln-rt- N (O) = ~ is the dCllsity of st.atcs Ill. Fermi surfm'(' for onc ap in project.ion
ill uI1' = ~ '
!i3-3 Tr ansition Temper ature
CflHll'ldill~ IIll' r-nlculuficm (Appe ndix C ) of (3-2-11), we ohtuin th c equa tion
for ,k t<-n uillilLp; Il l!' trnnsit.iou temperature T,,(fI.1J):
1 \I(~) lll(~1 = 11L ( ~l\/( l'r ) - .1(I'T. ~ 1I +11l(~ )/I(T ) - ,1(T.I' )]
- [I{T ) - J {r ,I' lll/ (I'T) - J { I'T. ;)] (3·3-1)
+ !.J{T, I') - K ( r )][J { I'T. ~ ) - K(I'T)] ,
\\"IIf'I'<'
(3-3-2)
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11 [ d. ,i n(? · ) . ,
1{.I'} = ru l1l2 - r n j l 2;' 1111(1 ff - -· ).
00 1/ . •
J (:r,y ) =.1'1 :i !lin' ;: ("ut!=(l + 11)1111 fl",!I(:') •
• - I
. 1 1~ '" . ,1\( .1')=;;.1' :i l<01Il(2=)Ju cul<h( - ) ;
_ It _ r
Qc and b~ are signnturt"S of t he D<"hp ' cutoff 10.' " . ·1'h ,....· \.·II,;11I S('al•.,. nIs.. i1ri", ' iu
the case of n single sU IX'r(,olldl1 t"1 i ll~ film ".lIi)l'fI,lnl ill /I IlnI1Ui,II 'II'I;,1 1 . ~ I, wl..·,,·
Q .. is th e cr it ical th i ("1.:Il~ nt wbteh t.1I(" t r nn si t i ll lL h'1I1\M>rnl llro' \"ani"I" "". T hill n m
he see n by cOlll'ick'r ing ti ll' fil ii{' 1-2= 0, wln-rchy (3-3 ·1) IH" '''lllO'S
lu{u/ flr ) = /( r ) -J(r.I').
For infinit e b, the f ll ud in\l l IT,r) "'l,ui sl ll 'S, und Il l . 1l1 1ulp,is "r 1111'otlu-r t " I' IIIS
)'idds the so tlltiuh Trl" ..) =O. WI' nl sclS! ..' Irmu th is thnt ./(r,r) 11n-11 T"III I'Sl' lll s
coherence Mf('(" t ~ 11lC'nllwr lap 'rs ill t r(>(!nf'(' t .. t ill' ..i ll ~I. ·l i hll Jt' '' ' lIl'' ll"y .
(3·3·4 ) in th is simpler rnSl ' of l i = O. He-n- '\1~ 1'1111 tlll' rl..III'....I.-rilin,I I"II I'. ...
at ur e T~«l , b)/ T. , ll!l " fUllf"liu lI <If " /flr f"T ""Tj" IIO< vnl..,,,, o f 1,1" ... \V,· so'" 1],:,1
fOT about b > fI ( , th e cri tjenl temperuture n'TT' '''poll ,l" d ......-Iy III Ill'l l of ;, si ll~lr'
film em bed ded ill 1111illfillit" normnl nu-tu], si l;lIilirl ' lil <!,'vi:,t i••11 ' ......ur riu1!;" lIly ro lf
nrouuel (I < (I ... AI"" , WI ' nUl l fur fillil" h tlu,f 'F..(I' , f.,=" " llly f"r'l ;= 0 , ill, lin, l illt,
n il Rlffi cu("l' of n r r il.il·;'! thirl:< !'~;s liS h:<plll~I I S f" r iuli lli" · l..
FigA und Fip;.;; show u 'su !ts ill IIIf' III(]I"I ' J.!;l'lwral ,'U"" " f \'~ I-0. III Fhvl 11.·
fun c t ion of (lI d fo t, vnrime, ,·/lhw.'i o f dill... wll"1l' 1i is Ilw IIl Od tl l /l t j "lL l"l l~n, fI -I I•.
modulut iou k-ngth " / "" for "a rions \"lIlnl':' of T•.,{ Td ill IllI' I' fll1ir llla r ,.:..... II ._ I.,
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F ig. 3.26 The dependence of the reduced transit ion temper ature Te(d, b)/ Td on
the thickness al ae. (a) bla c =0.01, (b) bla e = 0.1, (e) blae =1.0 (d) infinite b.
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Fig . 4.26 Th e dependence of the reduced transit ion temperature Tc(a,b)/Tc1 on
the thickness aId for Td lTcI =0.1. (a)d/ a, = 0.05, (b)dja c =2.0. (c)djac ::: 7.0,
and (d) d/a t; = 50.0.
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Fig. 5.1& Th e dependence of the reduced tran sition. temperature Tc(aj b)ITc1
on the thickness dine CorQ = b. (a)T.2/Tc1 = 0.1, (b)TdITd = 0.01, and
{c)T.2ITd = O. The corresponding resul ts or the McMillan model are shown by
t he dott ed line.
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Not e on this graph tha t for Tc1/Tc 1 = () ((,IlI"Wr) T,,(I/,/I} nll1 i:,,1lC~ In III!' limit
d tends to zero,
To compare those results wit.h those of a hil a)'I'r npproxiumtiou WI' hUY I' ruk-u
latc d the the corr espo ndi ng curves from the Mr-Milfuu 1llllt ll '1 ( I ~ I, III this mUl11,1
a free peremctcr exis ts which we have r-hosen :<n thnl_ Ill<' \'ll],1I' uf fI,_ ,·oilwi,l,,..
with ou rs. In all r ases good qu nliuui ve agn'cl1lelll. is ohtl1 i lU~ l , Hl' Fi~ . 5 imlirutr-s,
although qnantitutivcl y diffl'rl'llc('Hlip to 30% ar t- I'n'l' l'lIt in :"Ollll' f;l,,·tinlll' of Ill<'
curves. Nevertheless, it is sigllifiellllt, thai, ('\, " 11 qllalil.nlh'" IIp;n'''lIl1'lIt is nhtll illl·<1 .
given the differe nt geome tries considered uud the fad thnt \ \'1 ' Ill"l'nl'Hl ll llill~ <'!"11ll
materia ls with ideal iu tc rfnccs while the McMiIlnu unulcl BSHIIl11,'H ,lif l)' 1l!1I11'dnls
with a tunneling illtedllce. In a SI'liS\.' it mny 1.111'11 l l l ~ \ll)l<l<ihl,' In inr-hnh- did, nud
reflecti ng interfaces ill th is ap proach hy a simpk- l"l'i lltl'l']l l'datilln nr HlI' p :, ralll"I" 1"
with morc rcnlisfic pair pote utluls ill the contt.xt ' If t ill' ( 1 I II1si l'llls~ i"i11 1l1)1'1r,,,illlllli' "1
[. 13 1
A useful contrast b(' I' \\'(' C ~1l Olu' ll ppr oll d l ll ud t.ll" vm-ious l,il11Y"j"1l1'I,n, x illlllt i'Il ' 1<
arises ill the Coope r limit of t h in film:", silln' it is in this liw it, t,!t;,t f ln- dl " d l< or
the coup ling between layers is most pronennrr-el . IL i~ 1I 1 ~" kuuwn ill ti lls lilliit
that the eU Il11ll01l llpprO lldll)ll of de Gmllwl< (lIIlI \V ,'r thlluJl'l'! ~ I I ,I 1 nrr- l1ulllol,' t...
comple tely account for till' nhsl'l'\1'c! ln-huviuu r of till' trunsition trwIH·r lltl1J"1'.1 ~ I
( H I r 2·\ I T he di l r('l"C'w 'C'S m n Oll}!; tlu- vm-ions lI pl'ro (ll'Ill'~ nn- lUllst n';,,1ily Sl't'U ill
the emil' of 1'2 = 0, III till' thin fihu limit., \V,'rt!lIHlwr 'l; l'I'slllt l '. I is, (I'; ">;Ill"'; "",]
in (2-2-2S),
T,.(II. /I) 1
~:::::: 1 + 1 r.'l ll/" ·
whereas tile de G"llllCS rr-sultl ~ I. ill t,'rlllsIlf(2·2-ISJ, n-d ,l""s 10 11111 1or e ''') I)!'I'1 r-, I
Altlulllp;h quentitutlvcly different, both of these exp ressions predict that, for a fixed
rntin I,/II, tho cri tica l temperature approaches some finite constant as the thickness
{j l,'uds to '1,( ' 1"11. OILthe other hand, a n Alllllysis of (3-3 -4) for sma ll thic knesses
yi e!(ls the 1 · ( · .~1l lt.
(3-3-5)
whleh, ll~lI ill for fixed lI/fI , Ilppn wH'hcs zero 1~~ fl vanishes. Thi s approach to zero is
(If t.lwSlllll( ~ Ionu as tha I found ill the Mclvlillnu m odel! III 1expr essed ill (2.4.25).
A shuihu- .lilr..r(·Jl(·f'llI'i s( ~s in the case of two d ifferent eupcr couelucto rs . Ta king
i.Iw 1h i l~ film limit. of (3-3 -1 ) results in
(3-3-5)
\'!Il i,1 for «]«.. am i II/ II.. bu t no t fur TC2 / Td sn inll. T h is is the sumo result as
ill 1.1.., ~k~d illll u 1I1mld , hil t ngni ll differs with the approllc1 lcs of de Gcnncs nnd
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Chapter 4
Th e Transition Temp er ature of
a Self-Simila r Multilamellar Supercondnctor
In th is cha p te r- we (' XllIll iue th e tr nusit iou 1t' lllpl'l'll !.IlI"C' o f II ~l'lf sl mllnr- la)""rl'd
sys tem shn:: ' I" to that dC'Scril>el! lsy l\ lll t ijl1~('\'if llud Dl'm,l, 'yl ~ ~ I hy llWlllI~ orIIH'
\Verth am er theory of the proximi ty effect, Th e nut,lill(' of t.he 1'l1l1 JlI.,·!, is ns follows.
In the next section we b r iefly outline the \\'I' l"tIlUIIII'1"t.lwo ry orH\I' p roxim ity <'I1i-c-l
det ail. 0 )' mcnn s of the \Vcrt,halllel' tlll '''Q' of tli<' proximity ,·Ir,-,·, w.-" J,ta ill n I'f "
lation bet ween the lognrit!llll ir c!(·rim th '(' of t11('o rd.-r l la nl l lll' ll 'r Oil 111<' l '''l l1 11 l ill~
surf ac e of n cel l , cOllsi st, ill~ of sl'vl 'ral llly, 'rs , ill IC'fIil S of t.llI' IO,l:;l1ril,!lIl1i,' <\c'ri \'a li \', ·
of the other bou nding surfuceof HIl' ",,11.T lJisn-lntlon 1''' .1::<' ' ]11'1" wil.h 1.l1f'Sf'lfs illlil:lI
natur • of the geo metry allow s us to compute by lI ll'llllH o f a n-lnti vely s t ,n , i~lllf"r "
\I'('lIX! recu rren ce rela tion 11I1 expre ssion for the lop;ar ilhllli., .lrTi\"al i\' ,' "f II", on h'l"
par ame ter 011one side of the sam ple ill tenus of ti ll' IU~lIri t.llllli {' <\"l'i\'lIt; v{' lUI Il l<'
opposit e side, a nd lienee deh' n n inc ti l(' tmusitlon t,{' lll p <'r a i ll n' of tIl!' (''' lIIp"si l, '
sys te m . T he result s of uutuerjcul {:uir'nhl tiollS Il l"!' pn '~ 'u" 'd fOI" a purfir-ulnr di llin '
of parrunotcrs Hull It comparison of t.1l!' ('a \c"l a"'{1 trnnaitinn t"l lJl"TlI l llr<' mnl I I" ,
sect ion four I\"[' dis cuss 11utuubcr of l i llli t i ll~ I"I ,';" S Irornwhivh \\'" " I' ll O],r,IIi!" " 'r! I,ill
scaling rdlllions r1esniiJing lIu ~ t!ql<' lld"l t"" of till' l-l'llils i t i" n 1"l lJ],,'rllt .ll l"< ' 'Il l r ill'
layer tblckuce, and t he s iz" of thr- SiIIllpk, F'iunlly, WI' --xtr-n.l lIll' 1I1'j!,1I1 11'"1IS pn '
sontod hen ' to cons ider II... unusi rion ill th{' I ll '"S{ 'I ll''' of a lu'qwlld il'Hlar 11I1'I!,I ".t.i. '
field . T he oxtcn slcn of th is uuulysisto Ill" tnorr- dim...rlt, y d wo n ' ill!"p',s! illl!,"I,S" ,
of th e Pill"lllld critlenl fh·lrl is r-m-n-ntly ill p l'll~n 'hS II11d will "t'pn"~" Ill<'d ill I' flll l111'
publicu tiou, ]H'rrnittiup; a com parison with the phenomenological theory presented
by Mlllijwkvi!: awl DC:ll.~lf~Y ! 28 1, base d 011 the assum ption of J oseph son coupling
!i4-1 Formulation
!i1- 1- 1 de Gc u nes-weetbomer Theo ry
III l.lli~ suhseetion, we summn rixe the do GCJlIlCS-\Verthnmcr theory in order
t" <'ol!,'f'l, tlu- Ilt,,',h l formulae bciug us ed in this chapter.
\Vlwil th.. plws!' I,l"/lllSil.iou at Hc'l is of t!-t> lif'('OIHI or de r.the snpcreonducriug
"nl,'" !wrllllll'l."I· <1(i') is govemcdby the linearized intcgral cqnn tioni 1 ]
(4-1-1 )
wlwl'l' Uw ]"'l"lld Q(x, jj) is defined ns
(4-1-2)
T Ill' pu' ··"I(·{'lroll Gr{'('II's func tion !J....(.r,iil ill Eq. (4· 1.2) is given by
",IWH' II(.? - r j ) "{'\lol,(':; the scnttcriug po tential duo to 1111 impurity at posit ion Xj .
\\'i l llill r.lu-frauu-work of the s('\lIi·d nsskul phase integral approximation we
, 'UII wt-itetln- k"I1I,,1Q in the form! 'u; I
(4-1-4)
wlll'rt· 111{' l'l'{!ll"{'d k"l"Iwl ~'(r, Iilmuy he cvnluntcd in the single mode upproximn-
Ij"llas!1 1
~·{ ;. til := \ 'X{OIlIIl(1.1;,q/»)r5U:· - Iil - XV - ffll , (4-1-5)
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with
and
(,I-I-i)
whe re W(z) is the dignuuua fu nctio n, N {O) Is the df'nsi!,y of ~tl, t,,~ for lIlI" spi ll
projec t ion a t the Fermi surfnce 01\11 { df' llo tf's t.he tl 'lllll " r a t.url ' d " !l,'u ,I"1l1.1-nlH'n'I ll'1'
length , which is defined as
§4-1-2 Elgeuequnt. lcn and Bo undary Conditions
T he above npproximut ious allow us to t"l'f'!ls l t.lll' illtq~l"lI l " 'll 111l. i ol l ::"1. (,I- J· I1
for the order par nmctcr ill ,Iiff'>rellt illl fOl"lll ,ilS
x(-e l\7- ~A(i'W ) .6. (.f) = In(¥l.6.(i'), ('I- J·!))
where'1'o donotos the flux quantum lllld T~ I\l'1lot.l'S t.l1I' tr'ltlsHinll 1"Ill I " 'I'ul li fl' of
the bu lk supe rconductor, which may he exp n 'sSl',l lls
[N(OWr ' = luf l. ~~/J l, ('1-1-10)
whore 6u deno tes the De bye te mperaturo nnd ,~o ll slH lll V ,lmJOI,I's tlll! UCS "IIIII,lillll;
constant. In addition to tILl! ,lim'rl'li ti lll "'!II11 t ioll, E'I' (4. 1-!)), WI' : ,]s" r'~ l lI i l'"
that the order pnrnmr-tor sll t i.~ fy '""It ldll hOlludllry '"011I\i,i"118 r,l, nil' 811lfn,·,' of t ill'
su perconductor . T he Imumlar y ,:olllii t io ll for a fn~' stl l'fw~l' oS' is .c;ivl'1l by
14·1 - 11)
wIU~I'I ~ 11111:IlOt~s the uuit vector normal to the bonding surface. Eq. (4-1-9) together
with t IL,: h011lHIltry ,;o lld it iolls given hy Eq. (4-1-11) define an eigenvalue pro blem
whk-h S"I'V':S t o determine the trnns it.ion Iempcrnture of the metal as a fun ction of
t.!wllppli~d field H. III order to s{)I\'(~ t he eigenvalue problem, we define It linear
IJJwrlll ,n!" L(\7 )
(4-1.12)
lIwl illt,!"l ul1l1":eigenfunctions 6"(x) toge the r with the corresponding eigenvalu es
(" which slili sfy
(4-1-13)
1,IIW·t!Il '(' with t.ln-IJIJIL udnry cond it ions giwJl by Eq. (4-1-11 ). The tra nsi tion te rn-
J... ra l,lll'f'T is t1H'lJ dl 'l l'l'lIlilJ(;d fromthe lowest eigenvalue of the set [e"] , which we
(4-I-H )
n ,I' nn-nns of 1111' lib., ,·,· :;.,·s t ~1ll of cquu tlous one CIJIl calc ulate the dependence of
I!I,· S1l1lf' f('Olld lll't ill,ll; nuusifion tcrupcraturo on the applied field an d the geometry
"f tll(,s;ll11pl,'.
T'lu- 1IIK'\',· l'l'fwl'dllr, · is t'ns il.}' Kfmerulizl>tl to nn inhomogeneous system com-
p1'is i ll~ sr-vr-ml dillere-nt nu-tuls. Sl'f'r ificnllr let I1S consider u lnyercd stru cture con-
" i"l illP;of s"\" 'I'HI ,lill,'r,'llt s lJ l l('rl" >Il (l udl ,r~ charac[ C" ·:.:,l'I\ hy the ir hulk tm usi tion
!<'llll,,· !·allln·s. which WI' d"llI '!I' hy T~;>., . together with the Col't'cspondi u,I!; diffusion
1" llp;l lls. which WI' (kunt. ' hy D>... WI' ussruue tha t t.hl· planes sep a rat ing the differ-
,-nt I"q~i"u" lin ' nlip;nf'llllfl!"lIla l to ,.Ill' ,r-nxi " and we denote till' interface sepnrat lng
layl 'r .\ fnun tln- adj1H'l'lIt lnyr-r ,\ +1 a" ,r>... Th e order pnrumctcr ~ mny then be
wrltu-nn-,
£1(.r ) "" !>..(.r ) fol' .1'>"_1 < J < J>..,
where /J..(,T}sat isfies the equa tion
in layer ..\, together with the lmnndnry ronditlous
at the interface separating tile l a3~'l"s ..\ IlIH! ..\+ 1 uucl
i [;/; -~A.< ] fl { ; ) Ir=.<o= (1,
-j;;[i - ~ArlfN ( ;) Ir=rN = 0 . (-1·1- 18)
at the free surface boundin g the system. T he parnuu-tcrs 7:,,\ Hllf ! ~ .\ 111'" l-liwlI I,y
the generalisation or Eqs. (4-1-8) end (4-1-10)
(-I· I -H) )
and
{N(OhY Ar l = lll( 1.~~:/) ,
respectively,
In order to determine the truuslt jon temperat ure fOI" slldl a :.yst"1IJ W,' 1Ililst
determ ine first the cigcnvnlues, tA, fld iued hy thl' sl't of ,lilff'l"f 'llt,jl1lf"lllnlio lJs
( '1-1-2 1)
togeth er with the boundary conditions hll!MIS, ~,1 by EfJ' (4-1-10) ruul (1-1-17) , TIll'
(4· 1·22)
III Kfmf~n, 1 rl .c ahnvf~ system of equa t ions will yield a Sf't of solutions which we
muy Wl'it ,~ {tl. n tObetll<~r wit h the corresponding coefficients {(! l , each solution
l~on"l~spolld i IlK to a d is tinct t ra nsit ion temperature T~n . T he ob served trans itio n
tr-utperuture: is simply given by th c highest mem her of the set {Ten}
A~ fl jsl~ Ils.~I'd parl ier , despite the complexity of the abo ve equ ation s it is po ssi-
blc to ol!t llin solutlons for cert aiu sim ple geometries! 2 I l 4 I. For exam ple solut ions
l m'I( ' 11I'('u IH·f'sl'lll.l·d for thl~ cas e of It bilayer st ructur e in the pr ese nce of a hcmogc-
HI'OIlS 111ll/l;lH'tk field. Ti lis sol ution can also be app lied to tho eas e of n snpc rlntbico
sfn wl lll"f'" ' JIls isl.ilJp;of tw<> dilf ('1"':llt su pcrouuluefing uintcriala lind the upper cr it-
in '] lil·11I l'ulf'ulllt.l'd for sur-h 11 gcomctry.l':' I ! 31 I ! 23 I
!i4-2 Application to a Frac tal Geomet ry
~1 - 2- 1 Eige n functio ns
\VI' wis h to lll'ply ti ll' above nnulysis \.0 cons ider a mnlt ilumel lnr supcrconduc-
fur of k-ugt h L with 11 !'il'lfsimila r st ructure consis ting of nltem ating layers of two
Sll llf' l·('OlUh wl.illP; mctnls. T' ll' geometry of th e systom is dete rm ined by subdivid-
ill~ till' S)'st l'lll into th rcc ('('lis , II ('{'ut rnl cell of length uL' lind two ou ter cells of
IC'Il~l h L', with L = (2 + (1)L', The two outer cells nrc the n furt her subd ivid ed
into thl"f'l' "dis. a f'l'lItm l ('1'11of length u L" and two outer cells of width L", with
L' = (2 + (T)L" , This [uuo'ss ( If suhdivision is repented lU times unt il we ob tnin n
sysl('1Il lIf N la)'I'rs wlt.h N =2 .11+1 -1. Alten mt ing layers cons ist of metals (/ and
uurl
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for Aodd .
for A cvcn ,
Ior Aodd,
for A evcn ,
(4-2-1)
(4-2-2 )
where .\ "" 1, . . . ,N. Stich n geometry is shownSd l(,lll11tit'nlly in Fig.G. D" ll"ti l ll~
by t x:t he thic kness of layer .\ we ob tai n for t,hl' o chl muulx-n-d li\~'t' I"S rlu- n 'lllill thn!
fA "" d for.\ "" 2/1- 1 with 1 ::; /I ::; 2.\1 • H<!-:n
where d "" L j (2 + q )M. The thieknoss of the ('\','11 In)~'n:, nil till' otln-r 11Il1l'1, is 1I0 t
constant b ut is de pendent upo n rho part icular vnluc (If ,\ . For Hit' "\'1'11 1I1l1111wn'.!
layers we obtain the result that
{
dU' for ,= 2(2" - 1)
dq(2+q), for '\=4(2/1-1)
t.\,= dq(2+<1)2, for .\=8(211 - 1)
. . . etc.
The gene ral result may he expressed ns
with 1::; 1I ::;2.11 - ·
with 1 ::; 1I ::; 2M -~
with 1::; II ::;2.11-~
t.\ =du(2 +u)", -I for'\ =2"'(211-1) with 1::; Il::; 2 M - Ill , (4 -:!-·1)
whcre m e I . ... ,M.
If we consider such 11geometry i ll the limit Al _ 00 1I1l,ltl -+ 0 slIC·II Hilit. tit,·
product N(A l)d "" L remains fini te, then our .~tr\ld\ln· (lc'Il,·rihc·s II frlld"l! -17 I with
fractal dime nsion V defined lUI
D -~
- 111(2 + " ) ,
In this sec: 1011 we wish to a p ply the iu mlysii'll1c'sn'ihc'l\ ill t,11l' pr "c'("'dillll; "''I,t,iull
to study the transition tenspcrnture flf tbu fnwt.l\1P;C'IllllC'lry d' 'l';'Tilll,,1 IIhov' " III
orde r to keep the disc ussion relatively ahnple \V(~ n'sl l"id nIH'{'ollsi,I"nlt.illlls 1.0 til('
zero field ease, (H = 0). III n sH!Jsequcul S(~di(Jll 11'( willll;( ·Ilf'rali~.(~ rlu- ll l'll;llI ll "lI1.s
deve loped to the case of a pcrpr'udicular Ulllp;u(·t,i(: rid l\. III t!J(' ;-,"n, Ik-hl limit
E(!, (4-1-21) reduces to the form
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fnl"'\ ' 1I1d
for .\ eve-n
(4·2·(;)
+" ),,d
0
.i,
b a1l
0 f
b (2
J.
0
b
0
I
b (2+
1
0
b
•
b
,
-l
d
T
Fig . 6. GcomttricN configuration of II. fractal structure.
'9
,,(ef.l =IIl(~I .
\(e f.l = IIl(*l .
( -1-2-;)
I'CSllCcti\·e!y. H wc aSSUlIll' t hl1t hulk trllllsi ti"ll l l'lI1\,, 'ra tn n .,. 7:... 11111 7 ;-Afm' dll OSl'1l
suc h that
(.1-2·!))
the n, we wou ld C-XpN:t till' t rnusit.iou tcurpcrnum-. T , uf t ill' r"llUIIl" si tp 1I)·s ll 'l1l I t>Ill'
bo unded, n nm...l)' Tu > T > T~•. E'l lllll iull (4-1 ·2211<~,:rllll'"r with IIU' a"'~lIl11l'linll
Fr o m Eq . (-1-2-0 ) we uh llli ll ti ll' fulluwillll;l'x]ln 'S~ill ll fur tl.\
H<.!llIJ
{
h( r) =ms(l·,,;/· +n,d
f>,(.r) =m"h( ,,·~.r +11),)
fnl" .\ = 1.:J.ri.··
for .\ "" 2. ·1, r,. · ·
(·1·2-111
1·. =F..
.....=.;=;-..
(.1-2-12)
("-:.!-I:I I
r/ lu(~; ( r ) l = - L-.I llU(!', .r+"AJ f' ll- ,\ '" l ,a. ". "
dlu(!,; lr ll = ~· ~ r ll llh ( Io" ...r+,:lA) r"r ,\ :::2A . fi. · ··
GIl
1"~" lill ll lli,' ,I' 'fi\,. t iv. ~ '111 " JIl' si,),·"f Jl. Illr cr in u-nns o f 111(' logari thmic denva t tvc
"II ll lf~ "tl ...r sid.· "f the Ill)..-r, In IJl1rtk 1l1nr le t . ~.. con!iid.'f the (N + 1l/'1layers
..r wi<ltl. ,1 wilh.\ = 2" sl1ch tl lI.l %,.._ 1 < x < z,,,. \ Ye denote the logarithmic
.tItfO)= !~ll tl ll1.~ f .r ) 1,..:,,._.+. '
!/!.'(llj =!~ll (Il ll.~(.r) L=,,.-..
~1- 2-2 Il cCll rrcllcc R ela ti on
(4-2-1i)
,I ,,' 1" 'IlII1 [;, ry ''' I'taf i"us ill E q. (-I-I-IGI luol, tnill IIII' fnllnwiug frlld i" ILnI line ar
Irlll,,.,f,,rtlll.l i"li l1·lJ. l i l l~ 1 1 1I ' I I I~;,ri l l ll ll ic dcri vut ives uu "i llll'f si,ll'ufl ln- layr-r
(4.2-18)
'l' ll i~ wr-ruu write ill r i ll ' f" l1,,\\'ill~ f..rm II ,~
(4-2-1D)
(
,, ( II I ,1(01) ( 1 IIIIlO·.,f .» )
,, (II I 1·(111 = - lall(L'.,I,, ) 1 . H-2-20}
'1'1,,' '·" I'n .,.,,,,i,,\1l' .~i\·'·\ 1 Ilr E'I ' (4·2 ·14 1 HII,1 (4 -2 - lij ) for Ill(' loga rit illu ie .I.'fin lt i n ·
tlu- ;,1",\'" Jlr~ 111111 '11 1 11 ml '·"I,n.,.,s 111<' 1"~lI ri t llll l k ' ],'I"i\"lIl i\ '(' OIL O I l" sid.' .,f 1rilay.'l' ill
II ... t S 1 11/-1 II'ilayt'I'S ""ltIl' risilLV; I WO layt'rs of width .1. und "ollll""",'(I"f Ilwlll ..t n l
01
Ilnnlogy with the ten us 9~ (O ) nud g~{O ) . d"fhuocl ill Ell. ( -1·2· 16) mu l (·1-2·m. 1,' 1
us defirrc g;( I ) l lllil g!!(l l (<If t h r- t ril"P'f :u<
g~(l ) = }~~ d h:~~ I..", ~..... .
9: (1) = .1~ '/h:~( r ) I ~ _..
(-I·:!-:?! l
t ri ln)'t'f fCSpl"<: t in lr. f\" '1\1 £0-1. (4.2·1-1) uud (-I-:? I:'ll ..~d l"'f with II... h UII1MI:,r.,·
cond it io ns g1\X'1l ill ECI. (4·1· 10 ) " "' oh t.ni u 1110'rn ll"will l:: 1l'S1i1t
where th e ru d fit'i,'ul s n(l ) , fI( l) . }I( l ) mu l I'( I) lin ' ~i" " IIII S
(·I·:! :!:n
T h e self !Si lllilnf IUlh lll' uf ti ll' 1!;"UIllf'lfr IlII, I,'!' '" Oll "i' ]' '!'lIt i' ' ' 1 :,II"ws II" InK" "
Dcfiuing
!If: ( III j :: }~~ ,lIn,e'rJ I..= t l , ~ . , ' . l l ••
y :,l(w J :: !~:I" l ll,~( r J 1. 11. - • •
till' u" "('II. WI' olJlni u tIll' rfillowill~ n, lat ioll
G2
TI!I' n.dfiri! 'IJt.~ llPl1f11r ill thr UI , (4-2-28) m ny he obtained th rough the recurrence
rl, lnli,,"
("em'/'(111)
(4. '·20)
T lw l'flllllinll lul lll' TC' C'IU n"lJ('C rdn t ioll WI1'u in EAI (4- 2 -29) Illny 1)(' wr i t.ten ns
wln-n- 'Jo(II I ), 1\+( ",) nur] A_1m ) sn lisf)' the follnw ill ,i;recurrenee rc lntiou
{1 + l iInll ( t..~" D( I" -lI){,L ( 1II - 1) + .-\+( 111 - 1)) + ..L(m - 1 );\ +( 111 -I)) ,
(4- 2-30)
l +tnllIL ( ,.,·,,.,lJI·" 1I)(,L(III_1)+;\ +(111 1))+ ..'-(111 1).\+(m 11
( -1-2-31)
.\ _(111 ) =
1 + 1:11111( ""~" DI "'-llM,L(/II I ) + .\ +(m 1)) + .\ _(m 1).\+(111 n
( 4 -2-3~)
T l lt' pr" " r. which Pl't ~'l, 'ds hy iwlt lt' li nll. is p l '('l' ('Il I I '.1 ill App . 'wlix D. T ill"purtieulnr
"ulel<''' ,\ +{O}:lull , \ _(0), Itl IlYlu- u ltluillC'1 1 fr om Eel. (,1-2-2 0 ) uud ((1" (' I;il"l'll h~'
.\ + {lI) =_ t:lll
r
l'. fl .
,\ _ ( tI) =rt nnl·.d .
(4-2-33)
(4 -2-3-1 )
r espcedvo ly,
There are t wo points wurth lIol in,; wit h Il'glln l ln IIU' Ill,"n ' n '!nliun (tlr 1111'
vnriebles A +(JII) and A_( m ) nnmdy
i) Th e-rt'nlrrel )fO" rd" lillll i1l\-"ol\1'!' ''lI ! ~" .LIIII - 1l11l1l1 .\ .1 111 - I)
ii) T h e' ratio T" d,,,,,, 11Cl' npl....n r np lici.tl, ill III" n,-ur n ·u....· n' !al i"n
Doth of til<'n h",'{'fcllllU1'S willl'lll}' 1111 iml",r t illil rul, ' in "Ill' ""' OSC~l l\"l\ l lllllel·
{ !I~ ( .u ) = 0!J~(}d) = 1) .
t.1U'1lE'I. (4.2-28) will },j,· lcI th,' f"llo\\' ill~ 1"C' ~lIh
In F ig.7 1111: Cl.ln l il l te'l ll nlu~ i ti"lt \('1111" "1 1111"1' b< I.J" 11'11 lis I. rll1 lt' li , ~, "r
(I ::: d/~n, fur scl-'l-'tI. 1 "U1111'11 of .\1 fur tl lO'1", rl i'"lIlnr ,"n ", ' 7:1 = lJ IUI,I "
FO('this p a rtieuhu- dlllf'(' II f 1",n llu"I,TS w" 111e\ l ' , (rum F.... IS. U· I·:?:?llt wl 1,1 :.1 -1:11.
I le.,;s with II li l il il i l l~ \ '111' \1' I1L1I t, ,I,'] ",wb " 1111ll' . ,rch'\ I,[ , Ill' fl"lll" I IIIIIS ,!, '!i l il'lll,y
lx-cmue in ,lepl'nc\('lIlnf .\ / un,1t lu' \"Hriuns '"111'\" ' " I W 'f J(" , ,, Ionu II l-oiUJ:,l , ' " 111' \'1' . II,
G4
1.0
0.0
0.0 2.0 4 .0 6.0 8.0 10 .0
Fig. 7. Th e dependence of the reduced transition tempe'rature TelTcS on the
thidnm J ,= ds/(o for T.N = 0 and 'D= In(2 )/ln (3) with order or the fractal M.
(. ) M . I , (b) M _ 2,( ,) M . 3, (d ) M . ', Md Ce) M - 5 .
how t be self sim ilarity of the gC'OII1l'lry cnn bo ,'xp lnit"tl to nhtni u t ill' vurious
limiting form s for t he Irn n!<it ioll tem perature ill l'll,'h of tlu','I' 1",'p;illlO'''',
§4 - 2·3 Comparison wit h t he Mcns uro d Values
In order to ob t uiu n c-omparison with I.lll' liwa", 'I IT'[ \'Illw'", of tln- 1l'l'll",il i'lI'
tem pera tu re l 2~ 1of n sr unpk- (,(ll1~i~t.i lll!: of lllllOl"llho1\S i\ l"I _,G t'J" willI Iwu l[ill"'1"I'111
composiliolLs,.r R:: 20%, wilh bulk T,::::: 7.Gh' , f" r ti lt, ";\ll"'rt'owl11,'lil1p; In,\','r", 11",1
x ::::60%, with hul k T, .5 Ih' , ftll' t.ln- ~lIol"llml"!n)'l 'l"s . wr- !11l\'" ab" "(l1ll111 11,',ltl1l'
t r nnsition terupcrnturr- [or tilt' I' lIrnll w !l'rs 1l\"'S<'IlIt~1 ill T al,l.' I. \ \", Itll\"{ ' ""n",it!'· n '"
t he dirty limit cnsc ~,/(O) = .!f{~ with a =~ l1Iu I IL1\' t· .., " .... ·11 '1:_"0-, i .M\'
lind T.b = Ih', wh ich is ronsjstent with t ln- l'Xl,,'riult' lIt :.1 \·II!I\<,,. F"r II p;iwll mh1l'
with '\ +( JU ), cnh-u lun-d hy llll'IIllSIIf III<'n','11I'I""I I<'" n-luuon p;in'll by E'l ' ( , I -~ :I II
nnd (4-2-32), and from th is WI' uhl ni ll Ih,' Il"nnsi liotl tl'lll]"'l'Idll n' I'l"1111'1111 '"«f \ ,1 ~
7 ) mHI(4-2-S ), The.' transition tI'l11IM'rll!.Uft'is "Olllp IL1,·,1 fill" illl'l"I'llSillp; vuhu-sorM .
unt.il till' snccessivo yal lLl'Sa,c;n'l' 10 wirhin-t S i~lLili<'l'll t fi l:;llt"l's , [W'I'I'llSill ,L:; II... 1,,,111"
o f M !It'yOlIlI this d IM'S nnt. nlf,',,!. li lt' Huul n'slllt , [II t.1li", Wllj' 1\'1' "l1l1,,1,laill 1111
flCCllwtel.'sti llll,l,eofl!U' tnUl",itioll h ' Iil ]WI';ol lll " · ,, r l lll' sj'",ll 'lll ill 1III'Iil1lil..I/ --' -c,
T ilt' rt'SUltllllt tcm pr-rutun- 11fl' IH"'St'ul ''i1ill Tal)II· l tl,p;"llwr wirh I Ill' l'"n" "'l",urlilll!;
1IlI'IIS11f1,t! vnlnes. Tho llP;l'l"'I1l<'UI is st~ '1l to bl' Sllli",fll<,l lIl-y,
§4-3 Sca ling La ws
IIIthr- pr{'\' illll.,-; serfion W"/'Xlll lLilH" [ ti ll' s l ru I'11ln' "f iliI' ]ll't lx il ili t y t"JII;,li " l1s
l iCI1!1I1' ('hoil',' of variubk-s. DI'S!,i l l' IIIl' (~orll]lll'xilj' o f t ill' 1.1"'\'1' " ' Jlllll io ll il is
lle\'l'rt IK,lt,ss possi ble to ex ploit till' self sil uihll' nnrure- of 1,111' I!;I 'OIl Il' I ry IIIitI uht.ain
a nalytical results ill er-naiu l imi ri u/l; l'llSl'S, \ \'1' 1"l1lsid ,,1'1.111> sl1<,\ . liIUilill/l; {";os,'s ill
this section.
GG
T:IIJle I. TIleth eoretica l Ilndc:xp erimcnt al VlI.l l l~5 of the!>u pcreond ucling t rAnsilio n
tempere t ureeof the &comctries wi th d iff~r('nt fract al dimensions .
~·.c--
Dimcnslca 1.,,)'crSpaclng (A) T.(K)(exp.) T. (KI(lhco<y) (,,(OIIA) dl(,
- ---'--
0.73 50 3.72 3.33 58 0.525
0.83 220 5.61 5.74 58 2~79
0.57 80 2.80 2.56 58 0.6' 2
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In t Il<" regi me L < {. Wt' cnn RSS11ll 1<' lhai ...·. L < 1 nlld I...m...· Ihn l
Th is su ggests t ha t wr- IH't,lI onl)' fn!lsid('r till' Il'I"llIS !ill'-'!!" ill ...·~ITD('''l , ill tlu'
f«Urr CII Cl' rel a tio n for t.11I' .'n"ffki .'u ll< ,\_ l lll) aUll ,\ +( 11I). n. 'lnill i ll jl; oul)' ilL<'
lowes t orde r te rms in thC' rreurrourr-n'la l i(lll~ E' I. (4-:!·31) a " .1 (·1-2 ·321 . wr-uhl;liu
(·1·:!· 1)
(·1-:1-2 1
while from Eq. (4-2-33) " lUI ( 4-2-33l.L~O) = ,;••/lllII l .\ +(C1 1 = -"'.,1/1" :. Th.'S< '
A+( IIl ) = 2", (( 2 ~,.,.)", _ (1 +~ ))I.' I,d.. (,\ .;\ :1)
,L( m) ::: (2 + ",,)"'/1.,1. (,\·:H l
and hcnee wc f1ht.,iu th e fun"will~ l~lln_'S."in\l
~ = 1_ ( 2~ "" ) AI ,
All alt ernate for m for t.hc !lbo\'l ' l'xpn 'Ssion wllidl . IPII I"lIsl.l'lll l 'S t,lL!'1'Oh'or I.IIf'
Irectul dimension is cbtniuel by 1I(ll.i ll~ thut L = d(2 + fT JM lIlL,l ILI'w' "
M= iuILI(1) ,
111(2 + ,.,.J
cs
(<I·a-i )
(4-3 -8)
wlwn, 1'11!"Hoh -s tl J(~ fructnl d imension (]d iucd hy Eq. (4-2-5 ). Equation (4-3 -6)
us-u !'l ·d l W I 'S to IIH~ for m
(4-3-01
TI ll" 1'l'S1l1t "o lli llillf"! ill E,\. (4-3-9) together wi th (,xJlrc~ssio1l'; for f" and f~ , giYCII
loy E'I. (4-2- i) uud (4-2 -8 ) yields throe cqunt ious for the three UUklLO\\"n quantities
r,n 1"1, nml t.ln- t rnusit.ion tcaupcreturc T . In gClIcrnJ the above oqnnt lons cun only
lu- s"h·, ..l numr-rirully, Howeve-r if we consider the part icular case discussed ill the
ilud h" ill" - t!lt' ~f l' (4·2-j) muy be wrttteu ilS
\(-~)=-lll l .
"
(4-3-101
\\'11l'...• \\',' 11;1\',- ,1l'lillC'd 11H' 1','c!nn'( l t.rnus ltkm temporntnro t = TIT~". Thus we
,,[,Il lil l IIII' f" ll"willp;('x pr('sSi(Hl for 111('n' dUf"(" ) trnnsifionterupornture
(4-3-11 )
If w,' (·oll.~i,I,'1' I\ll' ,'liS" ill which L/rl» I, we limy me the nsympt.otic limit of
IIL<' flll ll'ti. I1I \ ( : )
.I~~ \(:;) = }i!~( if'(~ + ~:)- ~'(~))
cslu c + .,.+1112 +0(1/:),
wlwn ' ') d"lInlt", ti ll' Euler r-onstnnt . From this we obtain the ros ult thnt
H·3·12 j
(4-3-131
A more general result 1IHl.:r lx-obt,nint'tl h~' Illt'llns of t.lwlll' lH"Uxillll1 !t' . 'XI)I,. ':<sion
for X
(·1·:\· \· 1)
which is vnltd for nil :- > 01 { 1. yielding the result th ilt
1= (1 +t«(~)(I -I') _ 1))- 1.
In the limit Lid ..... 00 the res u lt uhtni llt~l l1hll\'(' IIp;rc''' >iwith t.hat. givr-n h~' Ell. (·1·
3-13) ull to n simple uumcrica; fnrtor, TIll' n'>i1l1tllllht,lliul 'd ll,l!;rt 't· rt'H:<llnnl llr wl'll
with the mu noricul 1'()sulls p l' c>i('llh 'd in Fig.S. It ill wor-th llol.illP; 11wt this n':<ll il
corresponds to the ge m-rnlisnt.ion, tn 11 l'idf similm w·ollLl'1ry. of t ill' result uhl,Hilll'd
by Wert iuuncr for the ras e o f II sitnplr- hilll)'l'l·l ·1I, 1I11111l'1)'
whe re , tiN nIHI cis are the t.hl cknes ses of the normal uud sll Jl( 'n'''ll' l ll d i ll ~ I II)" 'I' lI
anulysis hy setting AI = t uu d i d(,lll i f)'i ll~ ds = ,/lIu d ( I N = '1<1/2.
§4~3w2 Decoupling of t he Structure
As we demonstrated iu t h e previolls Nt~diflll ill tilt' limit. L ;:P {, I ll" l""]lltioli
independent of the pnrtlcnhu- vnlue of M . III unlt 'l" to ll ll tl l 'r~ l a ll' l th is n-snlt we
shou ld note that the liucur fr-actionn l trlll lNf"l"Il) lI t ioli ~i \T1I by E' I. (4 ·2-2811'[ lnlv.~
us to relate the logar i thmic dr-rivutivo fJ!.' (ItI ) I .. t.lw IIlJ!;MitILlui,' d' ~l"i val iV<' y!,t( Ill!
if and only if the coefficients (1( 111 ) sa tj:;fy tlu- t"tlllrlitillil
1 In("" fi(,n) I J (
, d /,( m ) II/III) T I ,
7fl
/1·:1·17)
If t.\lis w' lditillll iii lint sa t isfied then the exp ression given by Eq. (4- 2-28) re duces
l.o 1hef"t"1II
(4 ·3-IS)
uudhcnco 1.l1eboundary condition on the ri ght hand eldc of the cell is indep endent
of nil' hOllllllllry ccndnion on the left hand side of the cell . In essence t h e two
SlI l"flle(!S !Jellllillillg the eull are ind e penden t .
Fro m Ell. (4- 2-29) we olunln thnt
d..t lft{JIl) !i(JIIJ! _ddl n'(1Il- 1) fi{m-l)I'
11(1/1 ) 1/(1/1 ) - /1(111-1 ) I/(m - I )
I -7 T1tallh ( fiblJym - l ll ldd tauhCl\6D'D'm-ll ) - T •
Now rot"1.lIl' rllsp I,ILHI. "'hffD (",-IJ > 1 we h nvc the result tha t
H1l1I IIPIWt'1.h nt
(4- 3-10)
'1'111'I' hr si,'i'< l n-hlud this lust resul t is rdll ti\'d~' str night fo rward . If wecons ider
t ln - "IM 'I'ifk I'XlllUp l1'fIll\1';idc'l"{'(1ill t.ho previous sect ion with Td =0 then the e bovo
!'t 'Sllh SiIIIJII)' n' l!l' c'l" till' fad tlmt if the "nonunl" la yers scp nruting t hc multi lamcl-
lur l'I'lls i:-< much~rt'ntl'r 1111lll the coherence length of Ihe o rder pnrn rnctor then the
,-"11,,11I1 t'itll1' r "ilk \1£the "uonnnl" Infer dec ouple nud the lognrithr rric der-iva tives
!I ,'; (ml lind !I~I ( II/) nu- c's"clil iilllr (i .," to o l'll('r ~ O(c....•...D I' · ·n independent. In
,.",In til umlcrstmulhow 1his gin· !; rise to the fnct thnt the trnusit lorr temperature
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becomes independent of III we note th at for a ll III such thnt 1i""D(m) ::2> I, wr - (' 1111
obtain the result that
( ~~:~ ~~~: ~ ) :: - r (n(m - 1) +1'(11I- 1) - film- 1)j r - " (111 - l) r )
(
o (m -1) P(III - 1»)
JI(III-l) lI(m-l) ,
Iterating t hiRexpros aion WI' ohtaiu, for nil)' m' > 111 , 1,lll' 11'l'lIlt tlml,
("'m') fi'm')) (n,m) /I(m»)/I(m' ) I/(m' ) 0: I, (m) I/(m) ,
Let us !lOW coueidcr twosimil ar gl'OIl1ct. l'it'l>one L :: L, :: 11(2+(1 ).11, a llcl L = 1'1 ~
d(2 + u)AI. , with Jil, < 1112 11llcl l1""L1 > "'I,(f L~ » 1. Fruru !.lIt' !I1 " "" ' lIrl!: l ll lll'lI l ~
we sec that for th' l elise L = £2 wc obtain t.he rf'Slllt Unit
Thus we see that th e slime value of r which satisfies lin: houudary c'ollllil.iul l fOl'
the r-ase L:: Lh rmmely that g~I( l\'h ) = 0, nlsn sa l.is fi, 'l>till' hOIlIlc1:u"y C1>ll<lil.illllS
for the case L = L j , y!.I(Ill1) =0, andhene-e tlu-l"I ~Sll l lllll t 1.I"I1l lsililJl l 1."Ullll ' I";, l.lln '
T ca lculated will he the sum o fur both CIlSf 'H .
§4 _3.3 Sc aling La w
While transit .ion temperature hecnml ~s iu dc'pl'Ufkll t of I, h f~ h,"~I, h L wlw ll L <t:
€ it is on ly possible to obtain 1l1l111ytknl l"1 ~sHlt~ for tlw liw i l.illl( I"IIS"S ,l ot: f. mltl
d :» (, \Vc will lim it ou r discussion to the sill1i1t.ioll d « f., s inn ' t.h is n 'I Jl" ' 'HI'llt ~
th e more in teresting limir..
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Th- - Iorm of tI ,,· n'<' ll rl~~lL~" rel a t ion g iYCH by E'I S. (4.2- 31) Hurl (4.2 .32 ) allows
lIS t" writ" ;\+ (JU) 1ll1<1 .\_1.\1 ) in t.11(' Iollowing munuer
.\ +P/J = F.i'i_,,,(A+(m).A _(nl) '''''bD 1m l ) ,
1\- ('\/) = FA/_",(A+(m).A_(m),I' .D1m l),
(4 -3-22)
(4-3-23)
f, .1' II< < AI . 1'11" flllWli"lIS F+ alJ(] F- 111"1' 11';~"('t umloferruined functions which
HP' inrl"1",,,,l"n l ,,/ T 1111'] dqwlHl o llly Oil ,\1 nud III through tI ll' diff ere nce -' I - III.
If wr- "ollsi '],'r thr- limit .l I -+ 00. thr-nsctt iug A+ (o.:) =n1Il1f1choos ing II vulnc of
(4-3 -2-1)
( 0.1 -3·25)
\\'l'il ,·nsf" II,,\\·s .
(-!-3·2G)
T nkilW tlu 'li lllit 11/ - , ll lll,fl ,ulrillr; tllf' n-suh '·"lll a ill,·t1 in E(J. (·1-3-3) . \\'(, obtain
I II "nl ..!" I " ,It-t' -l"llliu,' IlL<' ' -)<I'licit Iorm o f tlu- fll lld ioll ~7 Wf' sll!Jslitlll'- ill IIIl'
'- X I , n '~si"ll f"r .\ !-( 11/ I from E' I. i -t·3·2GJ II'hi.-11 .vi,·llb tho fo l1owillP; r-xprr-ssio u
l ' ", i ' l~ tlu- " 1,,,\·,· ,'xl .n ",si",, ' \ WI' ,uay n 'llHIlU).!;P . bb to p;i,'p
Eliminat in g th e ex plic:il '" dq w"nd l'llC<'hy nu'n us uf Eo[(-1·3-81 \\1' u hlll ill
from wh leh we een rourilldl' t hnt
(·1-3 -:m
("1":1~S l
W!JC'fC A c1C'1I0tC'1I some undctcrmiucd ('on sl ,lIlll \\"I lid l is ill""IIl'n,I"lIt ' If r . 5 " l l ill!:;
In = 0 we therefore obtuin the resul t tha t
For ti l(' p:' rtk nlllr cnse T~. :: 0 \\"{'hn "I' Ihn l
,..:: (- I .
nnd lu- ncc
This yiddK the followi ll l'; " xpn'ssioll
Sino- WI ' n rr - I'ousiclf'ri n.r; 11lf' limit iI, whir-h (I .':> 1 \\',. I W ' )' II"" L]... h")'Ill I"OILir
cxJ>ll llsioll fur the 1 flllWliull, ,;in'J1I,y UI. ( ,I"3 "1:!). 10 ri ,·I,] 1]1" f" II••wi l l ~ ,·xlm ....,",,,
for the trnuslrinn teuiperuture ill lI 'n :I" 0 1 t lo"ll·1lI1" 1'llhm· .I' ·I,,·,,<\. "UI ....lu-n-u...·
length (,
Comparing this with (4-3-13). OW " ::1ll s,..· I lml " Il ly 11lf'1"11 1-\111 s"" I,· l. is "' ·ph".,·,1
by the coherence I ,~n l-;I h ( . Eq. (4·3·30) 1"~l'lhl'l' wil li till' f'XIlt"'ss i" u r,,1'e ,"
{I DI2r.' ~· I1 T nllnw s liS tI , wri tenu " Xl llir il r''''1ll f" 1" I ll<' Irlllls il i" IlI " IIII"' l lll ll l"" '"
!j4·4 The Influen ce of the Perpendic ular Magneti c Field
l lll' lr lllli'liti un !c"IIII"'TII11ll".· ..r tlu' lIlu ltil;lI11.,JI;,r )1\)''' '''111. dC'l<CrilJC'l1 in Sl'l"tiou 2, in
lh" I' f' '''' 'Ill"f' urII 1I111P;IIf'l i.. fu-ld jj = - He,.
!j1-1· J ~igell ru l1cliolJs ill the P res ence orP erpen dic ular Magn et ic Fi eld
w,· I"I'I'n ",,·ul. IIII' mnp;lI<'lir fif'll! jj hy t.l... \"'l'tUI"pctcnrinl ..r liS
X(J)~(O, f{" O ) .
O~ 0 'l1T;H ~;p ( 1 1l (~) 6.( i") CorAodd ,
(--,. -{---,J - , )"(r) ~ " (4-4-1)
O,r- O!l '1>0 ():: l ln(¥; ) 0.(.7) for A ('\'('11 ,
T l... " n l,·r I'1lrnlll .·... r tlll'1l lu",tl... form
w!L·'l"l'/.\l ,r \ l<lllil<l it''' IIlC'clilli' I'\·lllinINlllntiu lI
for ,\ odd .
ful' A (" 'CII .
i5
,( C 1 , . ) = 11I(f- ) .
, IC'r ,) =11I(!f-l . (-1-·\ -3 )
lind th e functions b. illld fA-+1ureroquirr-d In luw,' u "" Uliuunlll ' 1"~lIri l lll l1i,' '\ ' Ti"!l-
t lvc nt the interface :<t'\lllrnlill ll;tho two 111~'('I'S, TIl<'f lllldillli 1.\( ,r) is llwn{' ll'" ~i\'o'll
by
{
t·os(! ·• r + ('fA) for .\ =1, 3. 5,
h,(.7) = cosh( ,,'~ -I-#,d ftlr ,\ = 2. ·1, G,
where the vari ab les !'. and ,,', nre dl"fiIlN! m.
{-I·-I-·I}
(,1..1.[' )
If we restric t our au cu non to the r nl;('wid l Tr , ::: 0 t1ll"11In uu I-:AI. (,1·,1·:11Iw,.I ,tai' l
thnt
efi= - 1 ,
e".l =1+ 2,;'~1{1
"=1 + I '
where we bnvc detiucd Ii = 11;. wlll'fl~ JIll ::: i:fu 11I111 " "uIIII'S IIIf' ~I'ru If''''p,'r
a ture eri t icul field of th<, h ulk mc tnl nf Iyp' : II. T Il" l r:," "it ioll 1'"III IM'ru lllro· .. r LII< '
Eq. (4·..·3) ns
111 ' = :\:«(1'. 1
=.deCk. + 2,;':'1)
= X «~ )"l+ ~ )
=.dO+ ; J/ T"l+7j
=x( r - 1 + ~(I + T - 1 , ) _
7G
It. re-nruius ollly 1.0 '~Oll llllltf' the value or r for th ...parti cular sys tem or interest .
hy s" I I' ill~ t ill' f'ip;("lJI'IlIIll' prohlr-m It/Ispd by E' I. (4 -4-1 ) top;d hl' t wit h th l' corrc-
spolu1iUP;l10111111111"y f"OllflitiOIlS. Hf)\I'~ I'f'r mil' readily notes tha t th is aspect or th e
]ll'ulJIr'1ll is irh-ntir-ul to t ill' probk-m dis, 'usS/'l\ ill the previous section for th e zero
/i,·I,1 " ;I SI ' 11 11 ,1 Iwrwl' l.11l' n'slIlts oht.ai lwd lIlay Iw upplh-d to tho problem or the
pl'r!J"lldiclllar 'T iti,"nl rid ,!. lV,· rli.~ l'n ss tlw two limitin g f llSPS C. ::s> L Jlllt! c.<t: L
e lise 1: L <t::c.
III th is litHi!. w,' Ira\"(' t.ll<' result from E'I, (4 -3-20)
Ir II'" ,'Ollsidc'r thr-fllS!' rOl" which L > cItlu-u r _ 0 lind we may usc the tlsymptot ic
fonu or ti ll' , Fuuctiou to oht,lIill tho Tcsn!t that
e te ,
(4-4-8)
\\"1)<'1"<' (II .!r·!lO"' ''' the- n'durcd tmusiliolll{'llJ pl'rn ture at zero field , given by Ell. (4-
:l · l:l ).
Case 2: L >c.
III this limit \\"\' hnve till' result froiu Eq. (4-3-2D )
r-
1
se (""A li~l -ll '
i i
Fro m Et}. (4 --l-G) we haw Ihnt
rT.
,..=CI V 1+,. (.I..I !) l
Substi tut ing this int o Efl. 14-4.j) ri r lfl" thr- f"I1.. \\" i ll~ n '!al i" uslliJl h... \\\ ~ ,,, II", 1Il:' ~ '
neti c fid ll, th(' t rnnsit.ion tl"lIlj)f'''lllurI* ilulllh" 1"IllIN'\'llh ln' llq ll'\llla lll ",,111'1"1 '111""
length ~ :
t·I+ lll )
Writ ing ~ = f..o / ./i we obtuiu
(-1+ 11)
whi ch )'ic1d~ the following (")(p~5iclII fflr IIII' IrUIIl<it iull " 'llIlwra lU Il '
(01- ·1-12)
§4-5 Discussion
In sum mnry ~ heve npp lied the \ VlT t ! illl ll ll ll 'l' t ll""ry .. f Ill'" I' l"< 'lC iinity ,·f·
fed to th e s tudy the t r lllls it iulJ tf,n IJf~rilt ll"' e,f a !<I'lf sill .ilar IlIIlllih.u ...lh,r "ys l"1ll
con sist ing of nltcrn nti ug 1:,)" '1'!i uf s Il I M· re., u.hwlillJ!; llll. 1 lI 11nll;o! 11... 111. 'I'l l'" '"<'1lI
certain limiti ng ("aM'S. Fur Td =0 IV<' ol. l lIill
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1~ (~ )1 -1l for L «{ ,
(1 .!1.l...=.£ll:::l { - ) 'H' for L» {,
'"
[rm-fn] ,li ll\"IISi'lllllHS< K'i1lt",! wit lllhegt"llllf'1 Q', \V"!Ul\'(' nlso cxt endod the nnulysi s
I" ,'o IlHi,j,' r 111<' df,'("1.of 11 ]H'rp('w!il'u!nr lI );1 p;lJ(~ tk fk-hl Oil till' t ransit ion temper-
IIt Ul'<' IIl1d 11ll\'" "hO\"11 !IIII\', ill cert uin !imit iup; cas ca, we ('1111 li gni n der-ive ccrtuin
silupl(, s("nlill.e:la w" to d l'l<'Tilll' I!ll' IlJlPC'\" erhh-nl fit,],\. T he much ilion' difficult.
,'x l<'lI"i.,n of tbis work 10 tIll' ('liS" of ]JlIril!],'] ''l'itic1l1 fid d is ill prop;n-ss 1111(1 should
Ilf<J\' i,j" ill' il,I"!"l.,,',illl-\ r-orupnrisnu with Ilw re-sults obtuiued frnm ph "l101W'llo]llgknl
l.l",(ll'k ,,[ t M I, T Ill' ['('snIt s Hf "11<'11 11 rll ku]nlion would provide fill ext,H'llIcly \11111-
lIbl,' h 'st of 1Ij(' 'V('rth all"'!" t lll'o ry ~ l f I,lli' proxi mi ty dr" "t, and it" npp lirn t lon to
a s)'s l"1Ll with tunny I"ll p;tll srulos. ' VI' I'l'p;ard t Ill' present work und til" results
u!>tllilU'c1 I1S 111I l'>'s"htin l firs t sl1'p in this enlculation.
To whnt e-xn-nt the- M'lIlillg lnws \\' P ohl ain ill the prr'S('ut rnlculnt ion nrc ex-
l,n' s"III<',1 ill s" I,ti' IIIS,I IlILl 5 is t lJf' validity of 111(' WC'I'I IWIlll'I' th eory Ilf the prnx-
il1lit)' , '11; '("1 ill 1]1" npl m 'l,ria l" limit , liiu f<' ,'onl l'lIl')' t" t ilt , ~tal t'lll(, lll~ lluHlc: ill ti le
lil, -ra lllr<' tlu- 111<" '1")'is 1/" t ,'XUI" und OI11' lllip;!t1 (' x \II'('1 nonlocul effect s , Cot' exnni-
pI" , to play 1111 i ll1l' nl"l il n t role. Suffice 10 lilly !lm\'t'\1'1' t.lmt W(' lurvr- ]Jl"l'sl'lI lp<!t !le
tlll 'tl l't'tkal 1'1"< 'd il'l iollli of n tlll'l II")' which "llj"y~ n wirle n(,f'('l'hUlC(' lind hn~ bee n
.' XI, 'w"j\'<'l)' llU<l "lW'""li"fnll)' ap pli('tl lo n ,"nri"')' prnh]"lII:; of layeredmedia.
'0
Cha pter 5
Conclusions
The conclusions presented ill previous rhupll' l"s van h,' SIl11l11111r iz,>t! ns foll"ws .
III C1Hlpter 3, we npplic.l t lu- Dugu liuhm'('([1111 li'llIIn n Sllp,·r!nllil',' "'11111"'''1''[ uf
alternating snpcrr-ouduotor nndnonnnlun-tallnyers. T Ill' Ill'l'i.ulk " IU'I'I1'.." Sl,, ·,'Il'lllll
has hef'1l ohtnill{'( l rdntillg to lIw !It'l'imli,' sf r ttrt.nre - for liuit." sl1l'( 'n'o1Uhwlill~OI""'1"
parameter 6..
ro:;«(II] ) =rm;((lI'd('os(l'/~l ) _ 1(1 -1i1/i.d !sin(fI/' 1) si lL ( I.J>~ ) .
1'112
This relation allows out' to courpk-tcly enh-ulntr-, ill I'I'i1wi[,I,', t iL" I ll '1"l1 l n l i ~.n t i' lI l
co nstant of the wave Iuncfions vs lind 41,v . H"WI'\"' !", 11.f' ruk-ulut.iou willi,,· ex -
trcmcly difficult in th,' ftnito onll'l'\1l11'llllLl't, ·!" ('WW lilli' tn 1Ill' l"'ri"di ,' stnn-Iun -.
The tmnsirion touipornture is (,lII "lIIlIt, ..1ill tIl<'lililit ~ -> () ;111.1 it is I'I"tl, ',1 ill
Fig.S fill a function of tIl(' reduced thiekucss. TIll'uuulytu-nl l"l'S lilt of tIll' I.rllllsiCi,,"
tcmpcrnturc ill the th in films limit {'1m1,(' "xllr"ss,,,l lis
It is 5Ce-1I tlll1!, the transit.iont ciupernturr-, for II Iix,'01 l'lIt,io ',1/1, P:'''':- t,., 1.,-ro whe-u
thc thickness of tln - supr-rr-onduc tiug laye-r l/ VlI lli",Ilf''''.
A nsdni contrast betwreu run- npproneh uud t1lf'VlIl'illllS hili,y,·!"IIl'l' l"lIXilW,1 ions
arises i ll this ("K'(lel' lim it of thin Hhus, S il Wl' til" "l!"l'd of t.1t" "'"ll'l illJl; 1",1\\"" 11
laye-rs is most pfnllOlllU'l'd ill snclr II lim it.. As 1II'olllpllrisoll , w"I'("('s"1I1 UIl' r"'sllh ,~
of th.. o ther theories below. W('rtIHl1ll< ~r 's l"/'sull.l ·1I i.~
so
All h" lI,;h ' llIlllll ilnt iv.-1y ,Iilr..e-nr, be th flf tho;c eXI'~if>nl; prcelie t tha t , fur it
lix, ..l rllt i.. I,/n , th. - eritlen l tr" UllrrnhlTC IlJlp['f)lldwl'l lI<>U1C finit .. corrstnnt nnd i..
illd"lM'n,I"1I1..( IIIf' Il l i r ~ lIl """ (.( th,' J;l1l.·f{"l>ll( lllrl iu~ Iaycr II. Till' reason for the
.·xi,," .....e-u( slIrl llI d iift'ro'lIl"f' is kUlJWIIilll hnt tIl(' N.1lI11l01lIlPPflloachcs of de GCll fl(.~
1111'1 \ \',..·Ihlll ·r 1'1'" 1I11111.1.. lu NlIllpl.·tl'l)· /ll'Nllml fur I ht-lIhsl'f\~1 behavior (If the
tH,ns ilj" 1l 1 111..·1"111. 11'r • ill Ibis limi t, "illl'" t h.- OIlf'. Ffl 'qll!'llC)· llppn l.'l:i llllltio ll tnkeu
ill l lwir 1I11..,ri,'!! is u uly vnlid fur t hick film s. Oil the ot her lnm d , onr res ult ngrccs
llIo.~ t l'los,·lr with tli lil o( ?d"~Ii llll ll's tunnr-lliug 11I()(Il'11 l~ I, whir-h. in 11](' sruuc
wl......· lIll' r is iU\" '11<I,lr 1'1""1..,rlinm, l lu the- l 1J irk ll~ uf llw slIJl"'I"«>n dllct iug Ill~'l'"r
II . 'I'll<' r IlTH'!!(r um I I... unun-r u-ul enlculn tious (nr ho t h our IlII d McM iIlau'li mudd
lin' showu ill f iV; .5 IIl1d II ,f;'H..l quulitnrivengrecurcut is nhtn ill('d. ~('\'crthdcs.". it is
SiV;lIilin'llt t b.u r-vi-u ' ll1nlitl ,th'(' IIgrt't'Ul('ut is ulJtlliucd Iiiucl"we lire nssumiug clcnn
1II1l1,·rilll.. with i,I"a l illl, 'f (ut", 'S whi le the ~ 1d.li1lnn m odel nSSIIIllC'S dir t)' matorinls
with I' 111l1111'llill~ illh'r(Il ....-. III II SC'UNC it 11m)' then be possible to include di rt nml
rr.·I\, ·li lljl; iuh'Tfan... in thi.. JlllllnlfH'h b)' rciuII 'f')lw lnt i" u of t he pnrnme tce (Ie , ns
has 1 ·11""AA''Slr..1It)· II..· ~•• ,,111V;T<" ·1ll<'1I1 "f tho I< ll'p -fu llctiulI npproximutjon with
Illlm' re·1I1i"ti.· \llIir I... I'·uli " J,; in the ""III<'xt (,ftlll' lllHlsir lllSSienl u)lprox imnlionl 13I.
III (' lmp lI-r ·1, w,· l1Pl'lit·d llll' \V..rt luuncr th eory 10 a geo met ry wit h Irnr tiounl
,li IW·11Si"ll. III "111'11 o f 1111' 1i1l1M'I'j'o m lllcl illg 1I1ll! uo ruml laye rs , we nS~III1lC the
\\','rlllal1lt'!"i"l\mli'\ llS
, f(! fQ) =lll( f ) '
\(e f 6) = lll( * ) .
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to be vnlicl mill th en we construct n liuvnr fructiounltruusforuurtion
wh en' 9!,t(1II) and !I!; (m ) lin' lnnnnlnry vnlur-s lin rip:hl nml !t'ft si,l,' o f a supe-rrr-ll
uf order m . I II order 1.0 d,'l t 'l"llIi l ll' t ill' 1.1"1l11siliull !l'm pt 'l"HtUl' " T,. hy 1ll,'llilS of nit'
ab ove eq untion, til t, w d fkicll t.s o(m),rl(I(~), 'I(III) nnd 1'(1/1) 11"",1 t ' l 1... knowu.
1.0tllC sdf·sinuln\' gf'olll l' lry, givcu as
(
O{IIl)
11(11/ )
I'("'J ) (n(m - 1) /11'" - 1) )
u(m) =- /I(m-l) /1(111 -1) x
(
-I' I'~ tnu h( I'"tTD(,,,-lI l)
tanll( /..~ tT Dl "' -I ) ) - I' x
(
n (1II- 1) {l(m -1))
/1(111 -1) "(111- 1) ,
which provides n basis of ll ll' uunn-rtcnlcnlculntion uudt.ln- , h ' l , u i h ', l ll l ' ~ l l y s is in S' II11"
limi t ing CflSC'S fOI" the trnusit ton t"1l1!lt'l'llt111'" T,.. To "Olll l'"I1' witll til<' " XI",ri llll'll
ta lly measured vlllucsi 28 I, W(~ input thr-smll " JlIl]"ll!Ul'I pr s liS tbos" ill t .lu- plll",r l ~ " I
end lISCth e tuchniquo of the rccurreuco r,'la t ioll t o~<'Il l<'r with Ill<' \ V"I'l.lulIll<'I''s
equation. \Yr obtain tlu- t.ll<'ol"dir-ul vuhu'S of HII' trunsit.inn l<-lIll', 'rnl.lll'" whk-h
HI'C shown in Table I. T he ,!isew pulll'i,'S are 10% , S,O% lI11d 2'Y., ,'nr p -sl" ,", lillJ.\ I"
the red uced thicknesses O,G25,O,042 nm l 2.G7!l n's ]w"ti\"(,ly. 1' 1", ,1"''I'' '1Isi1l11; o f II",
d iscr epancy with incrcnaing rodno-d thkklll'sS is " f >lI S i ,~I " llt wil t. II" , \V"lt l,HIIWI
theory for the thick filllls cns o us w.. Ilwllt i" IWd IIbm" ', 1\ IlllllH'r in ll ,';,1.-111001 inu
has also h,,'('11 donr-for thl' truusitinn u-utpr-rnnur- as H Ium-rion ,,r t.11" 1'",111,'" ,1
th iekllCi';s d a nd the 1'('sUIt ~~ shown ill F iV;,7. T hi s part " f lIt<' ,-Il[,- u!: oIj" u I' . -\"' ,, I ~
th at t he various curves con',.-::; pflllflillll; 1.0 th.. d i fff' l"('lI t onl "1"of II", rn"' I.l,1 ,,, 1111'1'1'/'
t.o form a singl e curve nt som..' \"lll l\" '~ of t,11<'"lI ll' ll1<'II"", W" "nlwI1l<1" t h l' 1.only
those length s,'nl,'s n'Ul]lilm l.1<~ with t ill' o:"I "'ff~IW' ~ 1" 1I/1;tl l ( d"IUil"'! '- tIl" I ". l l il vi" 1
of the sys teui .
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T Ill:uuulytiea l resul ts for the dependence of the transition temperature on the
,lillWlLsilJlJS of till' M'1I1]11(: me obtained ill th ... limit ing cases L «~ end L » ~
-w: for L¢:~ ,
I :o: ( !i )~ fur L>~ ,
("
T h(: ('''1'011'' 1111'1 nbudued arl' simply expn'ssed in terms of the fmctnl dimension
llssof'ia!.('d wit h t.1ll'W~JIl11'I, l"r, Sluce the fract al rlhucusion V relates to the manner
" f illCTf'HSilljJ; t il<' l'nrti"u (,f Ill(' supcrr-oncluc-tor inthe whole fracta l structure while
('Ullll"p;illp; tln- whok-structure, the limit V -+ 1 is eqnivnlcnt 10 work ing on n bulk
SlIl"'!"f'Oluhw tor ill ou r g''<>lIll'tr~'. T Il\"fact t hat tIll' reduced trunsat.ion tcinporntnre
I fOl' 11 sysklll of l"llgt h L I lll ~ 11finite value independent of the reduced thickness
n 'lIl1liu s til(' f('al.m( ' of tlJ(' \V('rthrllUf~r's theory, while in n frac tal structure with
luflniu IH~"'l"~, I ,"illli~Il('s 1l~ d goes to zero,
W(, 11<1\"(' ulso r-xtcndcd t.lll' Ilnalysis to consklcr the effect of a perpendicular
lm,glll'l,i,' Held 011 tIl(' I.rullsitioll tompornturr- und dp l"in'<l certain simple scnling
11,\1':<to (h~\Til)f' tlu- lIppl'l' crltb-alfield, The scnlieg laws arc expressed ns
III 1,oth o r Ill<'n, s,'s , 11lf' d"]Wli<I"lIl'(' uf tIll' cl"Hknllllllgllctic field OIL th e tcmpcru-
lun ' l is lill"nl' li S found in utllt'l" tbcoric,..,
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Appendi x A:
Eil en be r ger's Equatio n
Based on th e linearized M'lf-co ll.o;;i...,t.;.'n t l 'q Ull ti tlll (2-2··1) fur IllI' ordor JI"rl1l1l1' -
dose to th e cri t ical t rnllllit iu ll U-llIlwrn tu n ' T~ . Tn ~lnl lJ t il l ' " m 'l'1 .If 11\l' l 'xl,-runl
magne tic fidd on the illho lllogl.'t1C0118 S)"s t (' III, II IlL n,.. ' ji:;c1l1'r ,,1 111l'll Q-, h u l ",i llll'lt 'l
t h an solvin g the Gor 'kov equa tions , is 1lC'l...led. Such II \\, ,1\ known tll<'llr)' W/l~ ,'It.
tublishcd by Eilenbcrgcrl U I I I II J. We will di ll t'nlVl till' tlll'l,r )' hridlJ hJ IIIUilll.l'
following Eilcuhcrg('r's works. Eileubc rgcr introdurt-d tl... p;llllp;,' · illl';I\'innl. Gn "ll
functions
{
G"U ,i,;') = - i < T( J,,,( ;,,tW~! (;, ,lJ )) > ./.- i l l 1.7 1 .
( i\ -I )
Gl(~ , ;, i' ) = i < T( J.! {.i',I)J...li' , lI)) :> f , / (i',;'I ,
RIId t he anom alous G n 'CI1' S (1l11("tiollS
{
Fit , i , r ) = - i < T(. ~ I (.;" h~I {.t,n)) > r:'.' li' .;' 1 ,
Fl U,; ,;' ) = ; < T(N C.i',t lt k i' , lI)) > r - , 'l l .;' I , ( A· :!)
where
and
j,'I(;. ;' ) = ~ A(] ) ., }' , .r: F'
works, we hav e llfluJlWd tlw dd:luitjul! of t lw tl"/l!lSflll"UII,tioll Irorn Sdl ri;llillW'1'/i"I,1
to Heisenberg field(:\·3 ) ill which the tiulf' t i ~ 1'l ~1I 1 rlll llc'r thun illll' $!;iu:II'YalI<I ;01.."
,,= 1. The Opc'futflr k' lI is dC!fiul'CI I,y ( 2-1-3f1).
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The phas eracto~ are in troduced to redu ce the influence of gauge trans forma·
t ion. 1/ is tJw ,·lfr-r.tiVfl Des hnmiltonlan in th e form of the second qURntizati on ,
will.
n, _~(-iV- ~A( .i»2 _ 'I +U(i) . (A- S)
fJ'·rrl WI: have rhusI' ll Ii =1 nnd U(.i) is the [mpurjty po ten tial . It is obvious that
(A-O)
l'l'sll] tsiu
(A-7)
" "11<" " til(' nonnul Grn:'Il'1I functions ddi!U'<! above will not be nffected by the
~allW' Irllllsf"nn:ltioll hnt the nnomn lons 01l~ willbe multiplied by factors " . \( 1)
TIl l' Gu r'k"..· ' "ilun t io ll mny be written os
;W + JI - T,;{ -jV-~..r(.i) ± R)2 _[7(.i) 6 (i) )c C" ",*)
- u t (i') -jW+ II - ~( -iV + ; ..r(i) ± j{)'-U(.i) ... x.r
= i 6(.i- i' ) ,
(A-S)
llU<l ( ;",(J .. f' I ill Ill<' F<lIlr il'r t runsforr nafion of the Nembu mnt rix,
G( . ~ ) _ (G( tJ.;,) F (f";, ;' ))
, 1, ,1'. ,1' - Ft 1i , J-:', J-:"' ) Gt{f,i',.r') ,
so
(A -D)
(A -to)
(A-Il)
T he sign in front of j'{ depends 0 11 whe ther it opcrutcs on flu , fi r~t Ill' ~"nlllli ,·"l nulIl
of G, Since the solu tion s of G c!"peml 011 tlu- order pumnu-tcr U Huel Llt, we' ,'all
separate the influen ce of the spn t inl cnr lat lou of t.ln- order pnruuu-tr-r fWlll Till'
Grecn '5 funct ion by considering the following e(lllation
(
iW+ II - t;(-iv- i{}Yo)"!- F(i) Ll{.ru) )a ~ ~ -.~ )
- 6. t (i'o) - iw+JI - t,;; ( - i\7 - it)h)~ - U(.r) o..,( .rO, .r , ·1 (A- I::!)
= hU~ - J"""),
where 010 is Eilenb crgcr's gnugc-invariuut (litft'l"!'ul.iat.ioll
{
- i \7 - 2 ~X(i'o ) when working 0 11 6 (J u) ,
Ozo= -iV+2~ A(i'(l) whcu working 011 6. f(J"":u) ,
-i'V when worki ng Oil s o lll P Ituu-tionof ILl\.rolr: .
The Fourie r trunsformn tion of spntia l m Ol'(liUlI\.es yie\l ls
iW+II- £U, <l(;i") ) 6 (- f p) _
- 6 f (i'), - iw +II _ ~ ,. .. .1', "
J "., '1 - , - , . - -- (2 lT J ~ U(~~ - IJ)G...(i, rj, k ) - I (2lT)·l h{k - k' )
( ;; a, 1 a") ,, __-'= - ' ---:-+-2( --;-.) G..,(:r,(I , l) ,In I 111 e
( A- Ia )
where U(v is the Fourk-r com po nent of t ill' im purit y P(Jlt·ll l.j :0 1. As~ l lIl l i llP; I,Jla l. t.11!'
orde r p nrurnc tcr vlU"ics slowly in s pace e llllbles ll ~ to ll,·,~;l' ·d tl w l.<' I'JIl (!!;- f~ .Th-u
the final ver sion of Gor 'kov's cqua t.io lls with nll l.lw .~t.aJlflllr<l HI'l ll'llxillli,ti,m t "'~'l l1l '"
(
iW+ /I- ~ - £.fT . 6. (7)) c.' I ~ i: f') -
-6.t (.i ), - iw +II _ ~ _ £.!1t. '.., .r, ,
J d~q - • _. ~ ~- (271" )-1 U( k - rnG ,..cI , ij , kJ = I(2 lT ) ~li ( k - ~").
The s tandard ave rag l' PI"f"'~I ~fll\ l"f~ ~ d I O\'( ~ I" illl!Jllr it.y !,o!t'ul,iu ll"l'sll lt,s ill
= (2rrr1h(k - k' )(G u(w , :i7, k)+ (" I(W, ;,k) -I- (:;I (W,:?, k)-I ... j ,
fA Ifj ]
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where the ind ices 0 , 1, 2" . deno te the power of (Dz/i) routniucd ill tln- ('ll1"l'('~P( ll l( l -
ing Green 's fun ctions. The first term Go ~nt, i~fil's O~'~Oll 'S equntion or
t- '( " ") G-' " k) J ,P, I f ~I" G " ~o w,x,k :::: ron (w,x , . - Tl (2/fP lI t . - fJl 'U(W, .f,111
::::Giio' (w , x , k)- ~(w,~":, k),
(:\ - 171
where n is the Impuri ty density and Giio'( w, .r, k) is the solut.ion Ofl'Cplllt.inll (/\ -1·1)
in tho ease U = 0, From the Dyson equ ndou , th.. solut.ion for Gu lUll )' Ill' writic'1l
(A. 18 )
TIll' W~':I known solu tion is
with
(::::/t-f;,
INw,;:) :::: 1 + 2;vl6. ( ~) rt +W1' (A . 2fJ)
where T depends 011 the impur-ity ,If'usit.y I I , Fenui vl·lf/city " I" :::: IF: unr] nil
int egral over ]u(k- v I2. Since \ 'IC nrc only i llt(n'l ~s t( ~11 ill tl w .~mlh · l'ill~dl't,,'ls t,f Ulfl/«'
electrons nt Fermi surfuco on the imp urity ntorux, tl lf~ momenuuu vru-iat.iou uf t.l ll'
electro ns is limited in II range near thtl Fermi sllrfllf,t~ . T hus , lllJot.Jwr llppmx illult.ioll
is made that
fA ·2JJ
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wl ll'fl ~ N( O) ==~ is the densi ty of states nt Ferm i surface for one spin projection
. It,~ rat.i llp; eqnutiun (A-I5) gives t he higher order terms of G:
(A -22)
wlll'w l~fII'r, menus tho vertices correctio n, Now we define the operator i/o as
iw -<. -iil".!2t .6.(2) )
- tl.( x ) -iw-(-vt",!2t ' (A-23)
(A-")
\V" only ('''ll si,k r t,]ll~ lU\VI."I< t orde r ter m of G, then the Gor 'kov equa tion un der the
1 ( 1\\~'st. (lrdl '\' npproxiumtion of ( f!t-)may be written ns
{ ( ;w - ( - ,7,. . !it "(-'I.)_;,oP(" k )} CO" ( (. k) _ j- 0 (;' ) - iw- ( - vp . !f ... w,.r, r ' 0 W , ,J , - ,
(A-25)
wls-n-
(A-2G)
with
(A -27)
Notl' thnt tlu- funct ions G and~ hevc been replaced hr operators since Ho is n
fll 11dilll l llf(~) .
ss
Completing th e tro iOllll derivnt jon o£ t he Opt' T/Illl r nJ,whrnl 18 I WI' I III'~' hn\'"
the equa tion o£m otioll for , implifiN:1 Gr('(-'\I'l'I£1\1I("til'l l lldhlC'tl l~'
! - fd(- -9(....1·f",.;):= ; 2;G(.... ( .J ·,..•i' ) .- f "( -! (w,J'f",r) = - ;-Flw, ( , l·"-, i')._r1 - f d( -I -f (w, kp•.i) = ;-F (.... . ( . J.,.• .7) ._r
T he equa tion s nrc
{2w + ';f" ' (V - j~ •.f(Y)}f (w, kf.•.r)
=26.(1)[1(w, kf.,;)+1 fr '[;. I1'( kf· _ 'id
Sf" 411"
• {!I(w , kF,i l! (w.f/·· , i l -!(w. 'C/..•.rl!1(w••iJ., •.rn .
an d
tA .:!!»)
( A :111)
Th e system of cqllations is comple ted h)' t h ,! :o;f01£.c n lll'li!;lrury n'II ,lil i'lll
where .\ is the Cor 'kov cou pling CfJlI!<tl'lI t 111\11 IlIlIy 11f' n ·p1:,.....1 h) ' ti l" "lllll , lurol
cutoff procedure
Th e explicit expressi on o£ A(Y) ill h 'r llls of tl lf' "implili,..1G"""II'" flllwt i"/Is is p;ivl'1I
by
T 211" ~(;) 1 ,{l kl~. ~~(;)In( -)+ - L:- - -!(w,k,.·, ; ) = 11.Tc fJ ... Iwl S,. 411"
The SI Ullf~ proo-duro givos rise to the equa tio n for the current density ] (i )
('Olll p, l fI·d with the or igiual Gor 'k ov equation, the Ellenberger's cquutioua arc
nnu-h "Hi'ii l ' l' 10 handk-sincc' t. hc~ number of the varlnbles is reduced to t wo from fonr.
1'-'01"sumll ol'<l"r pur-nmet...r 6 (.f'), Ellenb urger eqantion reduces to the Boltzma n n
t rll ll.~p "l' t- likc ' l"ll\llt ioll intro duced hy Liidcrsl 4g I which, ill the clirty limit, is very
Ei lc lIhcrgcr's Equ a t ion t he in D irty Limit
Instr-url of l'Olisid l'riug thr- dirty limit, ill II l illcnri~('d eqnntioll, Usadol l 17 !
l'ollsid"l"l'd HI<'llil"t.r limit forui of tho Ellenberger equations which mny he written
(
2.. ' f' (W"7. ) - DDIG(...J. J')DF (w,.i") + ~. GF(("'-"~) "IF(W';W I = 2Ll.(J'}G(w,i' ),
, _ • w "r)
to(,T)111(f)+21l'T~1 6~;) - F("""nl = 0 ,
,1(,jIj ,= 2fl 'A'(fl )1fT D LIFt (w..i':,)DF(w,:i-') _F(W"T)( bF(,,,,,~"1))tl
...»u
(A -3G)
wln-n- tJ = \' -I- 2ic'.4(.i") nnd D = !I''''/' T hese eqnnt ions nrc valid for arbitrnry to
!ll'oy ic!l'l! t ha t UH' c1i rt~· limit. holda.i.c.
G »21'...' . F» 2rLl., IFI »I¥.. Fl . (A-3 T)
Th. ·~" "olltlil i flll~ WI' !"" \l ~,'c l ill 1!"I'i\'ing (A-30) whr-uexpanding f(w,.r,ii'):
{
/ ("""';.17) = F (,,: , i') +*,F\w ..;) ,
!/(...·.:r.ii') = G(l<.' . i') + ~ · 6 (",-,. ; ),
"
wh.·\'{'f and 1/ un- tlu- Gn"('u's func tion s in Eilcubc rgcrs equa tions.
DO
(A· 3S)
Application orE ilcnb c rg cr 's Eq uat ion to Su pc r la tticc
T he dirty-limi t version of the Eileulx-rgcr tlwury is pnrtil'uln rlr nSfofll1 ill st lllly·
lng the u ppe r crit Ical fh-ldHe2(T} nfl m illIUJIll(lP;f ']](~ Jll S l<1I1wITOlUlnf t iIl,L:; stnu-turr-.
Biagi I 17 111ud co-workers a l ;pl if ~l the CCI1"lt,iull tn Ill., SN ll\ll ll. i larl' r~ nlsc' with till'
boundar)' condit ions :
( Fs=FN •~ {)Fs = "OF""t D, D, (A-3D)
For the perpe ndicular upper celtienl fif'M. tl u- result uury I", Sll lll1Lllll'lZI'<! tn
IntI;) = J' ( ~ ) - J{ ~ + !I(~ j)) ,
~~ ~ = '21fTy(t ,<;)/hDs ,
k~ = - '2.1fTy(lN )/I,DN ,
11S lHll(IJSlls!'2) = '/1;.: t1l111 1('I,\,I1N/2 ).
q~ = ~:~ _ 2 11'<I>~r1 ,
IJ~ = k~ + 21f<b~'2...
(A-,Ill )
where Ii = 6 ,(i= 5,11')is the rodu ecd kl ll!H'fHtnfl' uud uU) is III" f lllld l011 of
the redu ced tcmpcrnturo determined by th,: .'ip;.'IIVIlIIH' ks !Iud ~N '
T his set of equnt.inusmmpldPly f}Psni lws thr-J1"2.d 7'), III p;.'lll'l"ll l, I.Iwy IlH1Ht
be so lvednumerically, Dut at thl' C'I'll.ir'lIl tr-mpr-rnt un- o f tln- Slll", d llll,j"f', Ilu-111'1" '1
crit ica l fid f! vanishes , I,he equntlons fpdul'! ' III l.llf' l"f 'snll of df' G f'llll"S, \ Vf'rt,[IIIlWI
and co-workers for Il di rty SN proximity sysu-m .
( /\ ·,11)
Appendix D:
Re-lnt lous amo ng t he Coefficients
;" j = lJi Vi = (1+ , ;).
'I'l,,' 1"1I1 1111:1I'y l' U11l1jtill l lH y i l'~( l the Iollowiug {'(lnl1 t j(}l1~
1
,1,, +n», = C" +D.",
A.r l +n!11 = C,f 'l +D y'l '
(D-l)
A.!/ I r.- idl" + D,f IC_,in" = (CY1C.i.b/" + u .r'l C- '61'1)c- i,l, ,
A f l" -"' /" + Dll lc,n,., = (C,r'lc' ~~' +DII2 C -' ~P' ) c - "/' .
(ll - I- l ).r~ -( il - 1 - 211 2, (B-l- l)Yl -( il - 1 - 2 ),1'2'
r
..I( YIJ"Z - J' ly~l +il (,fl.fl - !/I V1) = D( .r ~ - Y~),
..1( III !h - .r I,!'2} + D (.r l Vl - !f l ,ftl = C(Y~ - ;r~),
t
:I( Yl ,f t - ,f I I121t.- j.np, + B ( ;" I Tl - VIV'lki"I" = D{,r~. - y~)r.- i61" C - iol, ,
A( !l l !N -- .r l ,f ·l k- Il' ," + B(.r IY2 -Yl;r t)f,n,. , = C(Y~ _ .r ~ ) C i l,p' C- i "9 .
(D.2)
II = (1111/2 - .1"t -ra1, !' = -(Yl: f 'l -.r IY'l) . = i = (Y~ - ;,} ) =21'i Yi ,
(il-3)
Elimina ting C nn.1 D from (n .3) yields
{
A(y,r 1 - r'lh )(r - i. " - r;-i(.', +"'lJ =B{J I .l1 - YI!r! )/r - ·tA'J +t ,1} - " ' ·~' I .
A {YI U2 - r l.l7 )(c- i . , . - r.it' ,I-td1J = n {r l Y2 _ IJI.I;:)I ,it' n - .,.r1 - . "' '' J.
( 11·.1)
50 the cocffieir nts A Nu l D {'lUI he t<lIln'f !lIs
1 .~ 12 (cos( 'll':l) - ('Os(,fq - "1J\ll = I nI1 (nl!l(" I~J) - rus(, lq + 11/'111 . Ill ·:'.)
nnd
A' Bci~P II1 2{CllI!((IIJ) - cos( lIl ~J - fljl l II=B' .-If·- '''1'1,,1 [nl.~ (dIf 1 - l'l IS(h/I 'l -j' /I l '. 11.
(11G)
\Vc rnay also elimina to C1M!ffidrut D fcolII ( D·3 l til UII(IIiu ti l<' n ,llIl i" lI'" 11111"111:; t\ .
C and D
Usi ng the rclurion
we find thut
11l·81
";u c rgy- Momell tum Spect r um
TI", n.. ' ll riviJ.J ""lllli" l1rUllflit iuu frllll' (D·-I) Tt'fjllirf'll thnt
(D·OI
U" i ll~
II... " Ill 'rlO' -I Il"I I ~ 'll l n lll " IM',' l n Uli llIay "xprt 'l<:«'(l ll"
l'I IS(tI'J) = 1' I ,s( I,/~:) l'OH(II/' l ) - ~.!l Sill((IIII) Hill(l'I"~) , (n ·lO)
' I"'l'J
Nonnnlizntio n
L:" · (£' , .1')11(£,,.1') /;.1' = 2 11' ~C £-£' )1'./f·C£' • .I')IIC£ " r )(I.I' ~ ( j(,-,' ) ""
= 2l1'iJ(£ - £' )1 '. 11 "1E' . .I')IICE • .I')(f.l' A'li, ,,
r' 0 -
= 2JrIt (E - £I ) L . 1/"(£"'".I')II( E .;7),l r JY f" f.('l - 'l l
=2;;-Ii( E - E'lr r II "CE' .r )rl( E. r)tl rl J__
=1Ji:1.
ID·I II
wlu-n- n = t1:::: 1/+11 is rIll' \', ,111II1l' Ior 011('cr-ll. The Ilorn :nliy'll t inllll llly 111" ('011111"11'(1
hy Ilsiu~ [H. I ll ), III rtu- liruit of ~l llIul.l2 -0 0, rhl' l'I H"rJQ '-1Il 01llt'1l11ll1l HIY;'11l1l1l
is simplili,',J tn
(D-12)
Sllmti tutill~ (8 -12) into (D· II ) mill using the rN/ltinll"(If rlu- I·nc·lfit-il'n l". WI' Ilh ln il1
IAI~ ~ 1/>0.
~ (0- 13)IDI ~ 1/< 11 .
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Appendix C:
C a lc u la t io n o r F(T )
(C- l)
"... .. " ,', t ~ _ j~~~_~
• I ( .r) I (.r ) > - 2lf 2lf (2lfj1 ( 2;:r i~
< (<l' (E . I • .rJr,f." tt(E . 1) + 'fI(-E. I.,r }t-i(.,.'!,I(E .1)}
1'1"( E'.r ..r)t"-'I' .; ..I( E'. fl + ''' ' (-E' .r ..1')' - ,r ·;II{£·.fn >
j dE /IE' tiP /nrl= 2i"2i'"(2rj1 12 ;: )2
( ' I'(E. I• .r )" ' " ( E· .f. J )r 'I T- i' ).; < (/(£. 1)(/1(£1. 1') >
+ .j,( _ E . I•.I')'!,"(_ E '.I' . ,rjr-;cT-hi' < 1,1(£, 1)1,(E' ,1') > }
j '/E "P= 2;(:~ll"rl
/ ,;11,' 1
l 'I>{E. I. .I')' I' · (E. l· .r ) t +" ,,'; + 'I'(- £ . I, .r) 'I' · (-£. l. .r ) 1 +c d' ~: .
(C-2)
\\"111'1"0'111,· Illl'rumi a\·' 'fn~.,. c>r Ih, ' u;v"t'IlI"t'!<. n.....un linK to Fer ml-Dlra.. "t nt il'li ('l;.
< /,(£.I)(/ tl£·.fl > = I ~::I-:2 J:/i(E - E ' )(2::-)'2t'!(i' - i) .
< l,t ( E. (ll,(E ' .f ) > = 1 +lr;'fl-;2lro(E - E' ){21'1' )2 ~ ( i' - i) .
F"" IlL l ilt' l1lLti·nllll111ll tnt"I ' relnriou of til, ' Xmnbu double t
(C-3)
(C-' )
we m nyhave
{ 4t ( .T).4r t (i' )} = /!!!~~~2lf 2lr {2lr)2 {2:-)2
10I>(E. I. r )" "(E', r. r )Citr-rhi { fI(E.n.llt (E'. 1) I
+ <1> ( - E . l . r) I} · ( - E ' , I' . r) , -'lr- i' hit/,t (E./ ). /t(E ' , ( )II
" I / '/E ,1(1{'1'(i') , '1' (;" )} = t)-(~I'1{<I'(E. I,r ) 'I' "(E,I, r) + 'N-E,I. r)'I ' · ( -I'; ,I, r ll .
_11" _ If
{C'-rlJ
Th e "l1lish in g of tll (- 1-2 (,OlI l1l1< )JU'ut of tl lf' llu ti " n1ll11l1ll11lnl
ItflIE.I . r} '} ·CE,I . r)JI1 = - 1'1o( - E. I, r l·"· (- E. I, ...ll I1 ' (('.l i)
TIllL'I
fC' i )
'f he Gnp Eq uat ion
" 11.'V; "'" i D Ilx FCi)
"'" =f1·til c .j,(.i').j,t (7 ) > 12 fC .S)
- 1 /' IE lIP fiE [ •
""' -;; ~ (2ll" 111 1l 1l11(T ) II " r (40( £ . 1, r )'» ( E , l, r)h1.
T he intr-p;rlll ow r x ('Hu ll" ('um plf'll'fl hy ll ~ i lll1; II.., Il "' ll lt l< in "\PIK'lllli" II
1·d r ['I'(E, t, .r ) 'I> · ( E, / ,.r )] I ~
=1&,/.r [ II N( E, /,r ) "N( E. I ,·t1h~ ( C-~J)
= 1Jh.1 (I + ~1 1 ) 1IC1~ + l D I ~1 + 1.. siu(1'IJ-l l fcO', "/' 12f1 + ~nH .
1"
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Sulostil nl iu l!;ICl1, IDI1, " uri CD"ei. " int o (C·S) "nd tnking t he limit a l ,D.: .....0
1' 1 l E t "'"CEI I == ~~ I~ _ (1i:l -~I)l>ill(tI £')lSil1(b£'» )1/ tr 1>( " .1') , ,T) I : 2 Q 1 b.l: sill(,tld . CC-IO)
II'h" n' " f" d .." I/- I is ,lr..'.j....1..If sill ,, ' we hnve fnur in,I"lwnd l' llt SIlnt ioll:'lcorre-
SIH'lI,lilll!;I" ±q 11l1l1 ± I/. It is ulJ\"ious tl lllt when U l =D.1 t ill' result l"('(!II('{'S lu
tl l<'stmulnrd De S (o W I11!n .
T Il" furtln-r l'nk111u!inll ll'iIJIll' complcu-dmuucricully, 1)\\1 it is worth muking
Mln l" !'i tllpli li"nticlII
- '- -1"'"'!.!i ' ll ll h' ~ ) lA'f" ~11 - !'i i ll '211~')}
t ; N(lI) - " E 2" £' ~' 211£'
I ',·,IE liE 1t ,. ,IQ si ll (b£-) U I D.Ir. -E 111111.( - ) -, -/l- {(l - -) !'i ill (M ) (''tJt ( ,I£' ) + - ("os ( ''~' »" 2 II . ~. ,'.0.: u:!
1"''' ,IE fi,."C! siu(:?b£').:: " E Ju I; l l -~l
f ..... .u: ;tE 1""IIQ sin(:?"")I - Itll llh( - I - I l - {l - - - }
Ju E 2 II J,:F '111£'
[
',. ,IE lIE 1"",'Qsi ll2'( bL') 01
·1 - 1111111(-) - - - [l- - )Nl I ( ,fL' )
" E '1 II J..~. bL· OJ
1-",,IE I ,1E j l. '·I/Q lSill (2b.L' ) U I-I - 1" 111( - 1 - - - - ."F. 2 u .L·F 21,.L· U J
(C· I 'l)
Ud in,·
I t...·) == 2.- 1-'"~ l"" "ql l- si ll(21'£') J, (C-13)
.l. ~. II E u 2M
1\' " lim y h a n '
CC-!;)
Th e fun ction I (w) mar be calculated to give
I (w) - 1(.10 ) ,
whore
am i
(C·lo)
I(x) = "' + ln(x ) +~(i1~ ·r) - cos(.rl -2C;(J·) + .rli -Si {"')}} ' (C·W)
where C;(x) and Si(X) den ot ing the cosine and sine i: lt~gl'nlll, with )' lwillK EIl!<'l"s
eonst nnt.One can show tha t I (x ) hna the full(lwiug limits.
so we have
1'2~(O ) = )' + IIl{AA1,,j .
Th e equa tion (C·12) may be written 1\.S
where
j,"" d:: 1 sin(:)] I" ' I11 = - 1-- -11I1:('HII(-)- I ,(/ : Z Z Tl
j, """ d: 01 T l z sin2:12 = - (1- 7 1- In cosll( - J - cot((l +1') :1,c Z 02 Z rr Z
13 =~ ( 'X> ~ ~ Incosh(":", Sill(2z) ,0210 : Z Tl 2:
IC· IS )
Z :>; bk =b~m 2mbTI = jJkp ,
llll,lllwlI
A., It 1..... dz sin(2z) .::.1l111I(7\'= '2T\ 11I2+TI 0 -;2(I - ~lln[l+e "
+[~ (1 - ~ I TI Incosh(':")sin2z cot[{1+r)z)
o z :J ~ T.
,l:. T . 1.""' ,l:: z+ 1;"2 II ~ lll cosh(~ ) !'h.{2z) .
Dc·fille'
!
' 1.~ d, , ;n(2z) ""[ (;1') = ; ;#:11I2 - x :2 {I--?- . - j lll[l + c ' J,
'/( ;1, y) • • 1"'"~ Ill:C';;h~ ;)SiU2 : ::ti(1 + y):J ,
- x l.~ '" '-I\ {:r) ;;; ? :i Il1cosh(-) SlIl{2: ) ,
_ . " _ x
(e- IO)
(C-20)
Au"II "'1"''<Iual i" u " hnlll 6 . eau be obta ined hr rcpl nccmen t
b _ a a .... b 1'2 - 1'J .
n 1.00 d; Sill(2:) .::.l&.IH{~)=2'lI11 2-'] 0 :;i'11 - ~J lu(l+e'!)
-1."" :j 11- ~I'] IIIC'OSh( ':")si n2 .: cot( 1 + I/ "): J
D · " I '2
-~::! 1'» ~ IUl'ush( ":' )s ill(2.:) ,
" . 2 II ::J , ]
I II ( ~ ) =: 11I( ~)+ ln(r) + ln( ~)
=: I (rrr) - fl - ~JJ(rTr , 1/,. ) - ~A"(rTd .
Ont' Jinois
(e- 22)
(C-23)
(C-24)~ l J (r'l, 1/1') - 1\"("Ta)~ Itl ( f. ) + lll(r) + IIl(~ l - [( " Td+J(r '.. l l r) ·
Suhslitutint; thill 1"'SUIt into t!le equa tion (C·2l ), we have the result of (3· 3· 1).
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Appendix D:
\Vc express the matrix defined b)' coclfi.d('1\t!l n JlPI'm' ill~ ill Eq. (" ·2-2S) liS
T (m) = (O(Ill ) #(III))
II(m) ,'(m) , (0 -1)
and the matrix corresponding to thc lllapping of till' structure from ordr-r II I III
m + 1as
Thcn the recurrence relation given by El l, (4-2-20)II\IIY Ill ' writte-nns
T(m + 1) = T( m ) ·P(m) ·T( m).
If we assume T( m ) to he of the form
( - 1 TA+(lIl ) )T( m) = T'I>(m) IL(rn) -1 '
( D. 3)
(D-4)
then from the above oxprosslon it is sh'nighlforwll1't11.0 show thul l,lll' matrix T(m -I
1) is a lso of this form with <J:I(m +1), A+(1Il + 1) Ill/I!A _ (m + 1) p;ivI'\1by
iP(m +1) = T'liP(m )'l {I +A+(III)A_(m ) + tanh ("~07DC"'J J[A+(III ) +IL(lII}J J •
( D- G)
iP(m+l )A+(m +1) =T2<Io(m)'l {2A+(m )+tllnh (/; 607 D CIf")(l-j- !\+(wl ) } , (D,fj)
to complete the proof we no te that T(O ) muy I){'written li S
T(O) = ~(O) ( -1 TA, (II) )
T A_ ClI) - 1 '
with '1>(0) = - lIT, A+(O) = - tllll(k"d,, )/T nnd A_(O) = T I.lU.:I..· . rl.).
which allow us to obtain the E'L.(4-2-31) uud (4-2 -32).
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